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Abstract— The aim of this work is to evaluate the performance of the noise robust speaker identification system using Kohonen 
self organization mapping based neural network algorithm. Speaker identification system performs well under noiseless 
environment but its performance degrades when the environments become noisy. In this work, wiener filtering technique has 
used to reduce the white Gaussian environmental speech noises, standard feature extraction techniques have been applied to 
extract the effective speech features. Linear Discriminant Analysis based dimensionality reduction technique has been used to 
reduce the dimension of the extracted speech features. Kohonen self organization learning neural network based algorithm has 
applied for the learning and recognition model of the proposed system. Finally, NOIZEUS speech dataset has used to measure 
the efficiency of the proposed system under various environmental noisy conditions with different noise addition rate. 
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1 INTRODUCTION
peaker identification is a dynamic biometric task 
where both biological and behavioral biometric mod-
alities are concatenated through speech feature extrac-

tion, learning and recognition modeling [1, 2]. Though 
biological and behavioral biometric modalities are com-
bined through speaker identification task, it can achieve 
great efficiency than other individual biological and be-
havioral biometric system such as face, iris, retinal scan, 
fingerprint, hand geometry etc. Generally speaker identi-
fication system performs well under neutral conditions 
but its performance degrades when the environments 
become noisy. There are various techniques that have 
been developed by different researchers for automatic 
speech and/or speaker identification problem [3, 4, 5, 6, 7, 
8, 9]. From the last several years researchers investigates 
and tries to enhance performance of the speaker identifi-
cation in noisy environments [10, 11, 12, 13, 14, 15].  

Although there are recent studies to handle reverbera-
tion and additive noise in feature [15] and model domain 
[13, 14] for speaker identification systems, the compensa-
tion techniques with respect to noise and reverberation 
for speaker identification systems are still an open ques-
tion [16]. There are many speech enhancement algorithms 
proposed for robust automatic speech recognition, most 
of them relying on the assumption that the additive noise 
is a stationary process which is not always true for real-
world applications [8].  

Not only single classification techniques are used for 
noise robust speech and speaker identification but also 

hybrid classification techniques have also been applied. 
Genetically optimized Hidden Markov Model (HMM) 
based hybrid technique [17] has been used for noise ro-
bust speaker identification system. Both audio and visual 
features are used for noise robust speaker identification 
purpose. Face and speech features are used with the com-
bination of different types of fusion methods with neutral 
[18] and noisy environment [19]. Leap reading feature 
with audio feature have also been used for speaker identi-
fication [20]. 

In this paper, we propose a Kohonen self organizing 
mapping based approach for noise robust speaker identi-
fication which is much more capable than other existing 
system. To measure the performance, the proposed sys-
tem has been tested under eight different real world noisy 
conditions such as airport, babble, car, exhibition, restau-
rant, street, train and train station with four different 
noise addition rate i.e., 0dB, 5dB, 10dB and 15 dB. 

2 STRATEGY OF THE PROPOSED SPEAKER 
IDENTIFICATION SYSTEM 

The block diagram of the proposed speaker identification 
system is shown in figure 1. After acquisition of the 
speech signal, it is required to eliminate the noise from 
the speech signal. Then some speech pre-processing tech-
niques have been applied to pre-process the speech before 
feature extraction. Various standard speech parameteriza-
tion techniques are applied to effectively extract the 

S
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Figure 1: Architecture of the proposed speaker identification 
system. 
 

speech features and finally select best of them. The di-
mensions of the extracted speech features are very large. 
As a result, dimension reduction technique is used to re-
duce the speech feature vector. The reduced feature vec-
tor is now feed to the Kohonen self organizing mapping 
based neural network algorithm for learning and testing. 
Different parameters of Kohonen self organizing map-
ping based network has been tested for learning and fi-
nally optimum parameters are chosen to find out the final 
result. 
 
 
 

 
 
 
 
 
 
 
 
 

 
 
 
 

 

3 NOISE ELIMINATION AND SPEECH PRE-
PROCESSING TECHNIQUES 

Since speech signals generally captures a lot amount of 
environmental noises, it is necessary to reduce or 

eliminate noises from the captured speech signal. For this 
reason, wiener filtering technique has been used in the 
proposed system. The wiener filter is a noise removing 
filter based on Fourier iteration. Its main advantage is the 
short computational time it takes to find a solution [21]. 

Some pre-processing techniques are necessary to pre-
pare the speech as an input for the system. Speech start 
and end points detection and silence part removal algo-
rithm [22] have been used to extract the core part of the 
speech utterances. Pre-emphasis has been used to balance 
the spectrum of voiced sounds that have a steep roll-off in 
the high frequency region [23]. Since Sort Time Fourier 
Transform (STFT) is the appropriate method to analyze 
the speech features, windowing technique has been used 
to reduce the effect of the spectral artifacts that results 
from the framing process. Frame length of 10-30 millise-
conds speech has been considered here and 25%-75% 
frame overlapping has been tested to get the optimum 
output of the speaker identification result. 

4 SPEECH FEATURE EXTRACTION AND LDA 
BASED DIMENSION REDUCTION TECHNIQUE 

To extract the features from the speech utterances, vari-
ous speech feature extraction techniques have been ap-
plied and find out the optimum results which will be fo-
cused in the experimental result section. Linear Prediction 
Coefficients (LPCs), Linear Prediction Cepstral Coeffi-
cients (LPCCs), Mel Frequency Cepstral Coefficients 
(MFCCs), Delta MFCCs and Delta Delta MFCCs [24] are 
tested to find out the best speech feature extraction tech-
nique for the proposed speaker identification system. The 
process of feature extraction and dimensionality reduc-
tion technique is shown in figure 2. 
 

The dimensionality of the extracted speech feature vec-
tor is large. As a result, it is necessary to reduce the 
dimension of the speech features. To reduce the di-
mension of the speech feature vector, Linear Discrimi-
nant Analysis (LDA) based dimension reduction tech-
nique has been used. 

The first step is to formulate the data sets and test 
sets, which are to be classified in the original space. The 

mean of each data set and mean of entire data set is to 
be calculated. After the mean image has been calcu-
lated, mean image is subtracted from each of those im-
ages of the training data set. Mean image is subtracted 
from each original image iF  and stored in the variable

i . Each image in the data set differs from the average 
face by the vector i . 

  1i F                                     (1) 

 
Figure 2: Feature extraction and dimensionality reduction from the speech utterance. 
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Since LDA calculates the difference of features with-
in all images of each person individually. So, one scat-
ter matrix is calculated for each person from its images. 
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Here,  
iS is the scatter matrix of ith person 

L is the number of images of each person 
        ijF is the jth image of ith person 
Summation of all scatter matrices is called within-

class scatter matrix which represents variation among 
images of each persons. 

Within-class scatter matrix,  


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M
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iw SS                                 (3) 

Here,  
 M is the number of total persons  

iS is the ith scatter matrix 
Between-class scatter matrix represents the varia-

tion among persons. For Between-class scatter matrix,  





M

1i

T
i,meani,meanB FF2S                          (4) 

Here,  

M is the number of total persons 
iS is the ith scatter matrix 

i,meanF represents mean image of ith person 

Since LDA maximizes between-class scatter whe-
reas minimizes the within-class scatter. To accomplish 
this, we must maximize W matrix where, 

|WSW|/|WSW|)W(J W
T

B
T               (5) 

From the matrix W, we will compute eigenvectors 
(Fishervectors) which will represents linear discrimi-
nant features of each person. The steps to compute 
eigenvectors from W matrix are given below: 

 
1. Columns of W are eigenvectors satisfying 

the equation given below: 

iWWSiiWBS                                (6) 

2. Eigenvalues are roots of the equation given 
below: 

0SλS WiB    (7) 

3. Calculation of eigenvectors by solving the 
equation given below: 

0W)SS( iWiB     (8) 

Eigenvectors of highest eigenvalues are selected and 
eigenvectors with lowest eigenvalues of the data set are 
ignored. Once eigenvectors are found, the next step is 

to order them by eigenvalue, highest to lowest. This 
gives the components in order of significance. Now 
those components having less eigenvalue can be ig-
nored. If the eigenvalues are small, then it contains a 
less information about the data. To be precise, if origi-
nal data have n dimensions in data set and so, n eigen-
vectors and eigenvalues are gained and then only the 
first p eigenvectors are chosen then the final data set 
has only p dimensions.  

Now the feature vector is to be calculated. Taking 
the eigenvectors that we want to keep from the list of 
eigenvectors and forming a matrix with these eigenvec-
tors in the columns construct this. At first eigenvectors 
are converted in column vector and then each of them 
are placed on a matrix in each row. 

Feature vector = (eig1 eig2 eig3……………. eigp)      (9) 

Finally, we get the feature vector in reduced dimen-
sion which can be used in classification process. Linear 
Discriminant Analysis (LDA) searches for those vectors 
in the underlying space that best discriminate among 
classes (rather than those that best describe the data). 
More formally, given a number of independent fea-
tures relative to which the data is described, LDA 
creates a linear combination of these which yields the 
largest mean differences between the desired classes. 
Thus theoretically, LDA should give better perfor-
mance than PCA [25, 26, 27]. 

5 SELF ORGANIZATION MAPPING BASED 
LEARNING AND TESTING MODEL  
Kohonen self organizing mapping based learning 

and testing model has been developed for the pro-
posed speaker identification system. The SOM is un-
like most classification or clustering techniques in that 
it provides a topological ordering [28] of the classes. 
The architectural view of Kohonen self-organization 
map is shown on figure 3. The output grid contains the 
nodes where each of the node will win for each of the 
input set. For weight adaptation, the following equa-
tion has been used. 

 
(t))w(t)η(t)(x+(t)w=)+(tw ijiijij 1                    (10) 

 
In this work, 200 nodes have been used on the out-

put grid and the neighborhood size has been decreased 
according to the increment of adaptation process 
which is shown in figure 4. The learning procedure has 
been stopped when the minimum distance of a grid 
node is zero from the input nodes by using the equa-
tion, 

                      (11) 
 

Where jd  is the distance between the inputs and 
each output node j, ix is the input to node i and ijw
the weight from input i to node j. 
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6 EXPERIMENTAL RESULTS AND PERFORMANCE 
ANALYSIS 
NOIZEUS speech database has been used to meas-

ure the accuracy of the proposed speaker identification 
system. NOIZEUS speech corpus [29] was developed 
to facilitate comparison of speech enhancement algo-
rithms among research groups. The noisy database 
contains 30 IEEE sentences (produced by three male 
and three female speakers) corrupted by eight different 
real-world noises at different SNRs. The noise was tak-
en from the AURORA database and includes suburban 
train noise, babble, car, exhibition hall, restaurant, 
street, airport and train station noise.  

Thirty sentences from the IEEE sentence database 
were recorded in a sound proof booth. The sentences 
were produced by three male and three female speak-
ers. The IEEE database (720 sentences) was used as it 
contains phonetically balanced sentences with relative-
ly low word context predictability. The thirty sen-
tences were selected from the IEEE database so as to 
include all phonemes in the American English lan-
guage. The sentences were originally sampled at 25 
kHz and downsampled to 8 kHz [30]. 

One clean speech has been used for training and 
four others are used for testing purposes where noise 
addition varies from 0dB to 15dB with 5dB interval. 
The results of the proposed speaker identification sys-
tem are shown in the table 1 to 9. The summarization 
of the results is shown on table 9. In this experiment, 
eight different real world environmental noises are 
added to successfully evaluate the performance of the 
proposed speaker identification system. 

Table 1 to table 9 show the experimental results 
among various standard feature extraction techniques 
i.e., LPC, LPCC, MFCC, MFCC, MFCC. The results 
are taken with four different variations of SNRs such as 
0dB, 5dB, 10dB and 15dB. To measure the overall 

performance of the proposed speaker identification, 
average performance is taken which is shown in table 9. 
From the average identification rate it has been found 
that MFCC can gives highest identification rate than 
other feature extraction method. 
TABLE 1 AIRPORT NOISE AVERAGE IDENTIFICATION RATE 

(%) FOR NOIZEUS SPEECH CORPUS 
            Method 
   SNR MFCC MFCC MFCC LPC LPCC 

15dB 87.00 88.00 64.75 68.00 69.25 
10dB 81.25 85.50 57.50 62.25 65.00 
5dB 67.75 75.00 48.25 54.50 58.25 
0dB 59.00 67.25 50.00 55.50 50.50 

Average 73.75 78.94 55.13 60.06 60.75 

TABLE 2 BABBLE  NOISE  AVERAGE IDENTIFICATION RATE 
(%) FOR NOIZEUS SPEECH CORPUS 

            Method 
   SNR MFCC MFCC MFCC LPC LPCC 

15dB 75.00 87.50 57.75 56.25 72.00 
10dB 71.25 83.50 47.25 48.00 68.25 
5dB 57.50 67.25 36.50 47.75 62.25 
0dB 55.00 55.50 36.67 44.25 57.25 

Average 64.69 73.44 44.54 49.06 64.94 

TABLE 3 CAR NOISE AVERAGE IDENTIFICATION RATE (%) 
FOR NOIZEUS SPEECH CORPUS 

            Method 
   SNR MFCC MFCC MFCC LPC LPCC 

15dB 68.25 88.25 56.50 67.75 68.50 

10dB 65.50 74.50 45.00 55.25 60.00 

5dB 55.50 67.25 45.25 55.50 60.25 

0dB 55.5- 58.00 39.00 45.00 55.00 

Average 61.19 72.00 46.44 55.88 60.94 

TABLE 4 EXHIBITION HALL NOISE AVERAGE IDENTIFICA-
TION RATE (%) FOR NOIZEUS SPEECH CORPUS 

            Method 
   SNR MFCC MFCC MFCC LPC LPCC 

15dB 73.00 82.25 60.50 65.00 72.25 

10dB 70.25 70.00 54.50 63.50 65.00 

5dB 65.50 68.25 50.25 62.50 61.50 

0dB 57.75 62.25 45.00 53.75 55.50 

Average 66.63 70.69 52.56 61.19 63.56 

TABLE 5 RESTAURANT NOISE AVERAGE IDENTIFICATION 
RATE (%) FOR NOIZEUS SPEECH CORPUS 

            Method 
   SNR MFCC MFCC MFCC LPC LPCC 

15dB 73.50 80.50 44.25 71.25 72.25 

10dB 70.00 70.75 42.25 65.50 61.50 

5dB 62.50 65.50 42.25 52.25 60.00 

0dB 48.00 52.25 37.75 50.50 53.50 

Average 63.50 67.25 41.63 59.88 61.81 

 
Figure 3: Architecture of Kohonen Self Organizing network. 

Figure 4: Reduction of topological neighborhood of Kohonen self-
organizing network. 
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TABLE 6 STREET NOISE AVERAGE IDENTIFICATION RATE 
(%) FOR NOIZEUS SPEECH CORPUS 

            Method 
   SNR MFCC MFCC MFCC LPC LPCC 

15dB 75.50 80.25 52.25 67.75 75.00 

10dB 67.75 70.00 45.50 53.50 65.25 

5dB 65.50 69.25 42.25 67.75 63.25 

0dB 53.25 65.50 35.50 55.50 52.25 

Average 65.50 71.25 43.88 61.13 63.94 

TABLE 7 TRAIN NOISE AVERAGE IDENTIFICATION RATE (%) 
FOR NOIZEUS SPEECH CORPUS 

            Method 
   SNR MFCC MFCC MFCC LPC LPCC 

15dB 73.50 75.50 48.00 57.25 70.00 

10dB 65.50 70.00 42.25 53.75 62.25 

5dB 50.50 60.25 40.25 50.50 50.50 

0dB 45.50 60.50 35.00 48.00 50.00 

Average 58.75 66.56 41.38 52.38 58.19 

TABLE 8 TRAIN STATION NOISE AVERAGE IDENTIFICATION 
RATE (%) FOR NOIZEUS SPEECH CORPUS 

            Method 
   SNR MFCC MFCC MFCC LPC LPCC 

15dB 65.00 78.50 42.50 55.50 62.50 
10dB 60.50 60.25 40.00 50.00 60.00 
5dB 49.50 50.50 37.75 43.25 50.50 
0dB 45.50 50.00 35.00 38.50 45.25 

Average 55.13 59.81 38.81 46.81 54.56 

TABLE 9 OVERALL AVERAGE SPEAKER IDENTIFICATION 
RATE (%) FOR NOIZEUS SPEECH CORPUS 

                        Method 
Various Noises MFCC  

MFCC 
 

MFCC LPC LPCC 

Airport Noise 73.75 66.57 64.60 62.78 61.45 
Babble Noise 64.69 64.00 63.13 61.63 60.85 

Car Noise 61.19 64.21 62.32 60.95 60.64 
Exhibition Hall Noise 66.63 63.60 61.06 60.44 60.63 

Restaurant Noise 63.50 60.72 60.01 60.39 60.83 
Street Noise 65.50 60.76 60.41 60.78 61.01 
Train Noise 58.75 59.17 60.29 60.91 61.09 

Train Station Noise 55.13 59.39 60.85 61.22 61.18 
Average Identification 

Rate (%) 63.64 62.30 61.58 61.14 60.96 

7 CONCLUSIONS AND OBSERVATIONS 
From the experimental results and performance 

analysis, it can say that the performance of the pro-
posed self-organized mapping based speaker identifi-
cation system is well enough for the real life applica-
tions. In this work, Linear Discriminant Analysis based 
dimensionality reduction technique has been used 
which can work well for inter-class variations. Effec-
tive noise removing technique and speech pre-
processing techniques are used to achieve the highest 
efficiency. Though the highest identification rate of the 

proposed system has been found at 63.64%, the per-
formance can be tested by using large speech database. 
Another feature extraction technique such as wavelet 
based speech feature extraction technique and other 
classification techniques i.e., Hidden Markov Model, 
Gaussian Mixture Model, Genetic Algorithm etc may 
be used to enhance the efficiency of the system. 
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Abstract— Over conventional microwave and optical fiber communication systems, Free Space Optical (FSO) communication 
links have some distinct advantages by virtue of their high carrier frequencies. However, a number of limitations caused by 
atmospheric phenomena like cloud, fog, aerosols even turbulence makes it difficult to achieve the desired level of performance. 
In this article, we investigate the bit error rate performance of intensity modulated FSO with direct detection (IM/DD) in single-
input single-output (SISO) for the perfect inter symbol interference (ISI) caused by beam broadening at the receiver due to the 
effect of cloud, assuming that a single information-bearing signal is transmitted. 
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1 INTRODUCTION
HE huge amount of data exchange between satellites 
and ground stations demands enormous capacity that 
cannot be provided by strictly regulated, scarce re-

sources of the Radio Frequency (RF) spectrum [1]. On the 
other hand Free Space Optical (FSO) communications has 
the potential of providing enormous bandwidth.  In addi-
tion, FSO links are difficult to intercept, immune to inter-
ference or jamming from external sources, and because of 
spatial confinement of laser beams significantly reduces 
the power loss [2, 3].  All these benefits are viable only 
under ideal channel conditions. But the atmosphere has a 
detrimental effect on a propagating laser beam which is 
the main drawback of a FSO link. Various atmospheric 
phenomena such as clouds, fog, aerosols, and even turbu-
lence can severely degrade the performance by not only 
scattering the laser beam, giving rise to optical pulse at-
tenuation and broadening in space and times but also 
disruptions in the amplitude and phase of received signal 
[4,5]. The broadening of the received optical pulse in 
space and time causes Inter symbol interference (ISI). The 
performance of IM/DD FSO systems for different turbu-
lence models has been well studied in the literature. Max-
imum likelihood sequence detection (MLSD) for IM/DD 
FSO links was employed by the study of Zhu and Kahn 
[6]. They continued their study to find out the pairwise 
error probability of coded FSO links assuming the log-
normal distributed turbulence model [7]. A further study 
of the pairwise error probability for on-off keying (OOK) 
with temporally correlated K-distributed turbulence was  
 

carried out by Uysal et al in [8].In [3], Ehsan Bayaki et al, 
find out the pairwise error probability of MIMO FSO link  
for on-off keying (OOK) with Gamma -Gamma distribu-
tion because of its excellent correlation with the measured 
data for a wide range of turbulence condition (weak to 
strong) as the log-normal distribution is used for weak 
turbulence. Pointing errors can affect the FSO system per-
formance since FSO communications requires LOS links. 
In [9], Farid and Hranilovic presented an FSO channel 
model considering the effect of fading due to log-
normal/Gamma-Gamma atmospheric turbulence and 
pointing errors by considering beam width, pointing er-
ror variance and detector size. The BER of a SISO FSO 
link impaired by K-fading (a special case of Gamma-
Gamma fading) and pointing error was expressed in 
terms of the Meijer’s G–function in [10].Later on, this ap-
proach has also been extended to MIMO FSO links [11]. 
Later, Uysal extended their discussion of pair wise error 
probability for coded OOK FSO links to the cases with 
independent Gamma-Gamma turbulence [12]. Another 
new approach, a multiple symbol detection decision me-
tric for OOK in both log-normal and Gamma-Gamma 
turbulence was investigated by Riediger et al. in [13]. 
Vavoulas et al. demonstrated the design for robust FSO 
link for various weather conditions, cases like snow, fog 
and rain [14]. But In this paper, the effect of inter symbol 
interference caused by cloud is investigated for a SISO 
free space optical (FSO) communication scheme. 

 
 

T
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2 SYSTEM MODEL 
Basing upon Monte Carlo simulations mathematical 
models are developed for the temporal characteristics of 
optical pulse propagation through clouds. These include 
temporal impulse response, transfer function, bandwidth, 
received energy and board analysis. The simulation re-
sults strongly supports the use of double gamma function 
model to best describe optical pulse spread through 
clouds [15]. A FSO link is normally consists of a transmit-
ter, a channel which would be the medium of transmis-
sion and it would be atmospheric that includes cloud and 
finally a receiver to reproduce that transmitted signal. 
The block diagram is shown in Figure 1. 

Most practical wireless optical channels use light emitting 
diodes or laser diodes as transmitters and photodiodes as 
detectors as shown above. These device modulate and 
detect solely the intensity of carriers not its phase which 
implies that all transmitted signal intensities are non-
negative. 
The input binary data is used to modulate the laser using 
intensity modulation and thus pass through the transmit-
ted filter and then it passes through the atmosphere 
where the impulse response has a greater impact. The 
optical signal is detected by a photo detector and received 
by the receiver circuit. The sampler and decision device is 
used to determine the output binary data. 

2.1 Intensity Modulated Direct Detection (IM/DD) 
When the optical power output of a source is varied in 

accordance with some characteristics of the modulating 
signal then this modulation from is named as intensity 
modulation and in the receiver side direct detection tech-
nique is used for the regeneration of the modulating sig-
nal. 

2.2 Cumulus Cloud Model and Gamma Constant 
 Cumulus clouds are generally located at the height of 

200 and 20000 feet over the ground. This elevation range 
is very relevant for space communications involving 
planes. Low lever stratus clouds are usually between 1000 
and 2000 feet elevation and as such are unsuitable for 
aircraft communications. Since particulate scatter close to 
receiver is of more serious consequences than scatter far 
away from it. Therefore we will concentrate our study on 
cumulus clouds. 

  

3 PERFORMANCE ANALYSIS 
In this section we present mathematical analysis of BER of 
SISO (Single-Input Single-output) FSO link for Intensity  
Modulation – Direct Detection (IM/DD). For the perfor 
mance analysis of the FSO link signal we have considered 
some parameters that are listed below- 
 

 
 
 
 
 
 
 
 
 
 
 
Optical radiation propagating through clouds expe-

riences temporal distortions. A function that describes 
well the temporal impulse response is the double gamma 
function [15]- 
 
 
 
 
 
 
 
 
 
 
 
 
        (1) 

 
Where, h (t) is in m-2, c1 is a parameter defining the 

physical characteristics of the optical channel such as par-
ticulate size distribution, particulate refractive index, 
geometrical cloud thickness and radiation wavelengths, 
and k1-k4 are the gamma function constants depending on 
c1 and U (t) is a unit step function. The temporal frequen-
cy transfer function can be evaluated by Fourier trans-
forming the temporal impulse response [15] 
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Figure 1: Basic FSO system model  

TABLE 1 
DOUBLE GAMMA FUNCTION CONSTANTS: CLOUD THICK-

NESS OF 200 M [15] 
Gamma 
Function 
Constant 

Wavelengths 
0.532 m  0.8 m  1.3 m  

1k  120.1 62.4 16.5 
2k  7109.1   7108.1   7101.1   
3k  1.55 2.9 0.67 
4k  6103  6105.3   61013.2   

 

TABLE 2 
DOUBLE GAMMA FUNCTION CONSTANTS: CLOUD THICK-

NESS OF 200 M [15] 
Gamma 
Function 
Constant 

Wavelengths 
0.532 m  0.8 m  1.3 m  

1k  12.4 5.2 2 
2k  7101.1   7108.0   71071.0   
3k  0.66 0.41 0.3 
4k  6104.2   6109.1   6108.1   
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For a given set of parameters [15]- The transmitted optical 
signal is given by 

 

 
 

Where, pT is the transmitted optical power, ak is the k-th 
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information bit whose value is 1 and 0, p (t) is the optical 
pulse shape of bit duration Tb and carrier frequency of fc.   

 
The received optical signal is given by  
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where, Ps is the received optical power and g (t) = h  
(t) p(t) is the received optical pulse shape which over-
laps over a number of bits and produce Inter Symbol In-
terference (ISI) . 

The photo current can be expressed as – 
where, Rd is the responsivity of the detector and in(t) is 
the noise current due to photo diode and receiver noise 
current which can be expressed as [17] 
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SINR can be defined as the ratio of signal power to 
noise power plus interference power, i.e. 
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Mean Signal Current, 

 

Mean ISI Current, 

 
Where, 

 Noise Power,                   n2 = shot2 + th2 
 Shot Noise Power,           shot2 = 2eBIs 
 Thermal Noise Power,     th2 = 4KTB/RL 
 

B= Signal Bandwidth (Hz), RL= Load Resistance 
K= Boltzmann Constant, T= Ambient Temperature 
 
 The expression of BER for Intensity Modulation Direct  
Detection (IM/DD) can be expressed as [16] 
 

   

3  RESULTS AND DISCUSSIONS 
In this section we compare the BER performance of SISO 
optical communication system in presence of cloud. We 
present the numerical results of BER of the FSO link con-
sidering the effect of cloud and without could. We make 
the theoretical analysis of the system for the given set of 
Gama function constant for different wavelengths men-
tioned in Table 1 and Table 2. We used MATLAB tools for 
this simulation. Figure 2, demonstrates the received opti-
cal pulse shape for different carrier wavelength for a 
transmission bandwidth of 1GHz. It shows that the broa-
dening of the optical pulses arriving at the receiver due 
to the scattering cloud. This broadening of pulse causes 
inter-symbol interference (ISI) at the receiver. 

 
 
 
 
 

           

 
Figure 2: Received optical pulse shape                 

             

        

       (7) 

(10) 
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In Figure 3, we present the graphical representation of 

BER vs. received power in dBm considering the effect of 
ISI and without ISI.  It shows that there exists a significant 
variation in received power due to the effect of cloud for 
all optical carrier wavelengths. The received power with-
out the inter symbol interference is around 25-30 dBm, 
whereas the required received power to overcome the 
inter symbol interference for maintaining a specific bit 
error 10-10 is 105-110 dBm. This value is unrealistic. It 
shows unrealistic values of power required for transmis-
sion in the presence of cloud. 

 
 

In Fig. 4, we demonstrate the effect of cloud for all car-
rier wavelengths considering the transmission bandwidth 
of 1GHz for the parameters listed in Table II. For further 
investigation we varied the transmission bandwidth for 
different carrier wavelength communication. Fig. 5, 6, and 
7 illustrates the BER performance of a SISO link for vari-
ous bandwidths. 

 
 

 

 

 
The whole performance of the optical system can be 

quantified in terms of power penalty for better under-
standing. The power penalty is defined as the increase of 
optical power required to overcome a given effects with 
respect to an ideal system. 

 
 
 

 
Figure 6: BER performance of a FSO link with ISI and without ISI 
for different Bandwidths for λ=0.8µm (for the parameters listed in 
Table 1)  

 
Figure 4: BER performance of a FSO link with ISI and without ISI 
for different wavelengths by taking the cloud thickness as 250 m 
(for the parameters listed in Table 2)   

Figure 7: BER performance of a FSO link with ISI and without ISI for 
different Bandwidths for λ=1.3µm (for the parameters listed in Table 
1)  

 
Figure 5: BER performance of a FSO link with ISI and without ISI 
for different Bandwidths for λ=0.532µm (for the parameters listed in 
Table 1)  

 
Figure 3: BER performance of a FSO link with ISI and without ISI 
for different wavelengths by taking the cloud thickness as 200 m 
(for the parameters listed in Table 1)  
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Fig. 8 and Fig. 9 shows the required optical power in 

dBm for various transmission bandwidths for maintain-
ing a bit error rate (BER) of 10-10.From Fig. 8, the required 
optical power (for the cloud thickness of 200 m) to over-
come the inter symbol interference varies about 55 dBm 
to 59 dBm for a wide range of transmission bit rate 
(1Gb/s-16 Gb/s) for the carrier wavelength of λ=1.3 µm. 
While the required optical power for the wavelength of 
λ=0.8 µm is about 67 dBm to 69 dBm. Whereas for λ=0.532 
µm the value is about 74 dBm to 78 dBm for the same bit 
rate. In Figure 9, the required optical power (for the cloud 
thickness of 250 m) to overcome the inter symbol interfe-
rence varies about 50 dBm to 53 dBm for a wide range of 
transmission bit rate (1Gb/s-16 Gb/s) for the carrier wa-
velength of λ=1.3 µm. While the required optical power 
for the wavelength of λ=0.8 µm is about 54 dBm to 55 
dBm. Whereas for λ=0.532 µm the value is about 60 dBm 
to 65 dBm for the same bit rate. 

 
 

4.    CONCLUSION 
In this paper, we have presented a very basic approach to 
performance analysis of SISO free space optical systems 
(FSO) considering the effect of cloud. The proposed tech-
nique is based on finding the noise power caused by inter 
symbol interference (ISI) from the received pulse shape 
by using MATLAB tools for a single bit transmission. 
Then we investigated the BER performances for various 
optical wavelength communications by varying transmis-
sion bit rate. Then we also quantified the performance of 
the link in terms power penalty. It is found for SISO free 
space optical link, for any  transmission bit rate under the 
effect of cloud thickness of 200 m and 250 m, the required 
received power value is unrealistic (more than 100 dBm) 
which suggest no communication is possible using this 
modulation scheme. This area badly needs an experimen-
tal research demonstration for possibilities of communica-
tion as FSO link is very important issue for future optical 
networking. Further research can be carried to overcome 
this problem. There is ample scope to conduct more detail 
research in this field for a concrete decision and subse-
quent remedy. 
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Abstract—Commonly used transistors are based on the use of semiconductor junctions formed by introducing doping atoms 
into the semiconductor material. As the distance between junctions in modern devices drops below 10 nm, extraordinarily high 
doping concentration gradients become necessary. For this reason, a new device was proposed which has full CMOS 
functionality and is made by using junctionless nanowires. They have near-ideal sub-threshold slope, extremely low leakage 
currents and less degradation of mobility with gate voltage and temperature than classical transistors. Among several types of 
field effect transistors, gate-all-around junctionless nanowire FET (GAA-JL-NW-FET) is the recently invented one. In this article, 
temperature dependency of threshold voltage of GAA-JL-NW-FET has been analyzed for different channel materials such as Si, 
GaAs, InAs and InP. From the simulation result, it is observed that the threshold voltage is minimum for InAs and it decreases 
when the temperature is increased for all the above mentioned channel materials. 
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1 INTRODUCTION
ANOELECTRONIC devices have been used in very 
extreme environments like low temperature ranges 
as well as high temperature ranges.  So their beha-

vior in response to temperature has attractted the atten-
tion of researchers. Different studies and investigations 
are going on to understand the performance of all types 
of transitors in different temperatures. Threshold voltage, 
one of the major parameters that can be influenced very 
easily by temperature change, has been taken under con-
sideration in this article [1].  

The existing transistors are based on the formation of 
junctions. Junctions are capable of both blocking current 
and allowing it to flow, depending on an applied bias. 
The most common junction is the p-n junction. Other 
types of junctions include the metal-semiconductor 
‘Schottky’ junction and the heterojunction, which is a p–n 
junction comprising two different semiconductor mate-
rials. The bipolar junction transistor (BJT) contains two p-
n junctions, and so do the metal-oxide–semiconductor 
field-effect transistor (MOSFET) and most of the modern 
transistors. The junction field-effect transistor (JFET) has 
only one p–n junction and the metal–semiconductor field-
effect transistor (MESFET) contains a Schottky junction. 

Conventional MOSFETs are usually fabricated on a 
semiconductor bulk substrate. With the continuous scal-
ing of the device dimension, these bulk MOSFETs are 
facing serious challenges, such as the increasing gate lea-
kage current and more serious short channel effects [2]. 

Gate-all-around (GAA) nanowire (NW) transistors are 
regarded as a promising device structure to extend the 
scaling limit due to their superior gate controllability. On 
the other hand, the formation of the abrupt source and 
drain junctions in the conventional NW devices imposes 
severe challenges on doping techniques and thermal 
budget [3]. As an alternative, junctionless (JL) devices 
with a uniform doping concentration and type through-
out the channel and source/drain extensions are fabri-
cated to overcome these challenges. 

In recent times transistors have become of nanometer 
sizes, due to the aggressive scaling. At this size it is very 
hard to control the sharp source/drain-channel junctions 
from the device fabrication point of view. Also many oth-
er unwanted effects such as gate leakage, short channel 
effects, hot carrier effects etc. have been seen to be in-
creasing. For reducing the short channel effects the GAA-
FETs are the best since they provide the best control over 
the channel from all around [4]. But if channel with cor-
ners, i.e. rectangular shape, is used for this purpose then 
it leads another effect known as corner effect [5]. To avoid 
this, cylindrical structure looks to be promising and has 
been widely used for getting rid of corner effect and also 
to improve other short channel effect performance para-
meters.  

The first JL transistor was introduced back in 1920s [6], 
[7], but it has attracted researches recently. JL transistors 
are inherently depletion mode devices and needs a gate 
voltage to be applied to make them OFF [8]. One advan-

N
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tage of these are that it operates due to the conduction of 
carriers in bulk as opposed to the conventional MOSFETs 
(inversion mode devices), in which the carriers conducts 
through a thin layer of inversion charge layer created at 
the oxide-semiconductor interface. Hence, the current 
driving capability is improved a lot. However, it is also 
degraded slightly due to the high doping concentrations 
used in the channel. 

2 GAA-JL-NW-FET 
2.1 NW-FET 
Semiconductor NWs have attracted significant interest 
because of their potential for a variety of different appli-
cations, including logic and memory circuitry, photonic 
devices, and chemical and biomolecular sensors [9].  

2.2 JL-NW-FET 
Because of the laws of diffusion and the statistical nature 
of the distribution of the doping atoms, conventional 
junctions represent an increasingly difficult fabrication 
challenge for the semiconductor industry. A new type of 
transistor has been proposed and demonstrated in which 
there are no junctions and no doping concentration gra-
dients [10]. These devices have full CMOS functionality 
and are made using NWs. They have near-ideal sub-
threshold slope, extremely low leakage currents, and less 
degradation of mobility with gate voltage and tempera-
ture than classical transistors. 

Figure 1 presents a schematic view of a JL-NW-FET. 
Having no junctions presents a great advantage. Modern 
transistors have reached such small dimensions that ultra 
sharp doping concentration gradients are required in 
junctions. Typically the doping must switch from n-type 
with a concentration of 1×1019 cm–3 to p-type with a con-
centration of  1×1018 cm–3 within a couple of nanometers. 
This imposes severe limitations on the processing thermal 
budget and necessitates the development of costly milli-
second annealing techniques. In a JL gated resistor, on the 
other hand, the doping concentration in the channel is 
identical to that in the source and drain. Because the gra-
dient of the doping concentration between source and 
channel or drain and channel is zero, no diffusion can 
take place, which eliminates the need for costly ultrafast 
annealing techniques and allows one to fabricate devices 

with shorter channels. The key of fabricating a JL gated 
resistor is the formation of a semiconductor layer that is 
thin and narrow enough to allow full depletion of carriers 
when the device is turned off. The semiconductor also 
needs to be heavily doped to allow for a reasonable 
amount of current flow when the device is turned on. 
Putting these two constraints together imposes the use of 
nanoscale dimensions and high doping concentrations. 

In a MOSFET, carriers are confined in an inversion 
channel in which scattering events rapidly increase in 
frequency with gate voltage, thereby decreasing trans-
conductance and current drive [11]. In the heavily doped 
gated resistor, the drain current essentially flows through 
the entire section of the nano-ribbon, instead of being con-
fined in a surface channel. Figure 2 shows the electron 
concentration in an n-type JL gated resistor for different 
values of gate voltage ranging from device pinch-off 
(Figure 2a) to flat-band conditions (Figure 2d). The con-
duction path is clearly located near the centre of the NW, 
not at the semiconductor-oxide interface. This allows the 
electrons to move through the core of the channel with 
bulk mobility, which is influenced much less by scattering 
than the surface mobility experienced by regular FETs. It 
is possible to create surface accumulation channels by 
increasing the gate voltage beyond the flat-band voltage, 
if a further increase of drain current is desired [10]. Be-
cause it operates under bulk conduction rather than 
channel conduction, the gated resistor sees its transcon-
ductance degrade much more slowly when gate voltage is 
increased. As a result, higher current and, therefore, 
higher-speed performance, can be expected from the 
gated resistor. 

Figure 2: Electron concentration contour plots in an n-type 
junctionless gated resistor. a–d, Plots result from simulations 
carried out for a drain voltage of 50 mV and for different gate 
voltage (VG) values: below threshold (VG<VTH) the channel region is 
depleted of electrons (a); at threshold (VG=VTH) a string-shaped 
channel of neutral n-type Si connects source and drain (b); above 
threshold (VG>VTH) the channel neutral n-type Si expands in width 
and thickness (c); when a flat energy bands situation is reached 
(VG=VFB>>VTH) the channel region has become a simple resistor 
(d). The plots were generated by solving the Poisson equation and 
the drift-diffusion and continuity equations self-consistently. The 
device has a channel width, height and length of 20, 10 and 40 nm, 
respectively. The n-type doping concentration is 1×1019 cm–3 [10]. 

Figure 1: Schemetic view of a JL-NW-FET. Here souce, channel 
and drain are consists of a single JL NW. The underlying inslulator 
(buried oxide) is not shown [10]. 
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2.3 GAA-JL-NW-FET 
The JL-NW-FET, as illustrated in figure 3, has become 
widely recognized as one of the most promising candi-
dates for future nanoscale CMOS technology due to its 
excellent subthreshold slope (SS), low drain-induced bar-
rier lowering (DIBL) and low leakage current [12]. But it 
has a limitation which is related to the carrier transporta-
tion or mobility. In general, carrier transport can be di-
vided into three regimes: diffusive transport, ballistic 
transport, and quantum transport [13]. When the gate 
length is much greater than the carrier mean free path, 
the carriers transit within the diffusive transport regime 
where scattering dominates. Carriers can reach their equi-
librium states through sufficient scattering events and 
thus Drift-Diffusion (DD) model can capture well this 
equilibrium carrier transport property. When the gate 
length is shorter than de Broglie wavelength [14], the car-
riers transit within the quantum transport regime, where 
the full quantum transport approach such as Non Equili-
brium Green Function (NEGF) is suitable to simulate 
strong quantum confinement and significant source to 
drain tunneling. In the range between these two regimes, 
the carriers transit from quasi-ballistic to ballistic trans-
port regime. The semi-classical approach Monte Carlo 
simulator incorporated with full band structure is able to 
capture the non-equilibrium transport effects [15]. 

Figure 4 depicts the GAA-JL-NW-FET with its circular 
cross-sectional and top views [16]. 

3 TEMPERATURE EFFECT ON THRESHOLD 
VOLTAGE 

For an enhancement mode, n-channel MOSFET body ef-
fect upon threshold voltage is computed according to the 
Shichman-Hodges model. This model was accurate for 
the devices having channel lengths in the range of micro-
ns [17].  

 FFSBTTH VVV  220,   

where VTH is the threshold voltage when substrate bias is 
present, VSB is the source-to-body substrate bias, 2φF is the 
surface potential, and VT,0 is threshold voltage for zero 
substrate bias,   ASoxox Nqt  2  is the body effect pa-
rameter, tox is oxide thickness, εox is the relative permittiv-
ity of oxide,  εS is the relative permittivity of semiconduc-
tor, NA is a doping concentration, q is the charge of an 

electron. 
As with the case of oxide thickness affecting threshold 

voltage, temperature has an effect on the threshold vol-
tage of a CMOS device. Expanding on part of the equa-
tion in the body effect section, 





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
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where φF is half the contact potential, k is Boltzmann's 
constant, T is Temperature and ni is the intrinsic doping 
parameter for the substrate. And it is known that [18], 
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
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Here Eg is the bandgap energy of the channel material. 
It can be seen that the surface potential has a direct re-

lationship with the temperature. Looking above, that 
while the threshold voltage does not have a direct rela-
tionship but is not independent of the effects. 

The variation of the threshold voltage of a gated resis-
tor with temperature is similar to that of a bulk MOSFET, 
with values of approximately –1.5 mV°C–1 measured in 
these devices. Interestingly, the decrease of mobility with 
temperature is much smaller in the gated resistors than in 
tri-gate FETs. In a lightly doped FET, the mobility is little 
affected by impurity scattering and tends to be phonon 
limited, so it shows a strong temperature dependence. In 
the highly doped gated resistor, on the other hand, mobil-
ity is limited by impurity scattering rather by phonon 
scattering, and its variation with temperature is much 
smaller. For instance, the electron mobility measured at 
room temperature in tri-gate FETs and gated resistors is 
300 and 100 cm2V–1s–1, respectively. When heated to 200 
°C, the tri-gate FETs show a 36% loss of mobility, whereas 
the gated resistor has a reduction in mobility of only 6% 
[10]. 

For GAA-JL-NW-FET, the equation stands for the thre-
shold voltage depends upon the work function, radius of 
device, thickness of oxide and the permittivity of oxide 
and material that is used [19].  

 
Figure 3: Structure of cylindrical GAA-JL-NW-FET [12]. 

 
Figure 4: 3D structure of GAA-JL-NW with their cross-sectional 
views (both side and top views) [16]. 
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Where, Δφ is the work function difference and R is the 
radius of the device. 

4 SIMULATION AND RESULT 
In this article, the change of threshold voltage of GAA-JL-
NW-FET having channel of different materials as a func-
tion of temerature has been simulated using MATLAB 
and then analyzed. Before the simulation, careful approx-
imations should be made regarding the device dimen-
tions of the GAA-JL-NW-FET. The parameters have al-
ready been approximated in different research works. 
From those, suitable estimated have been selected for this 
article [16].  

The radius of the NW and the oxide-thickness are con-
sidered to be 2.5 nm and 0.77 nm, respectivey. The rela-
tive permittivity of the gate-oxide, considering SiO2, has 
been taken as 3.9. And the workfunction difference has 
been approximated as 4.63 V. 

For the analysis, four different channel materials have 
been considered, Si, GaAs, InAs and InP. The bandgap 
energies of these materials are 1.12 eV, 1.42 eV, 0.36 eV 
and 1.27 eV, respectively, and their relative permittivities 
are 11.7, 13.1, 14.6 and 12.4, respectively [20]. 

Considering the above mentioned values along with 
the general constants the simulation has been run over 
the temperature range of 200 K to 400 K. Threshold vol-
tage versus temperature curve has been shown in figure 
5. 

From this figure it can be seen that for all the above 
metioned materials the threshold voltage reduces if the 
temperature is increased. And over the 200 K range, the 
change in threshold voltage is significant, around 3 to 4 V. 

 It means, if the temperature of the environment is as 
low as 200 K, they have a threshold voltage of 1 to 2 V. 
Whereas, at around 400 K temperature their threshold 
voltage become around –1 to –3 V. This result indicates 
that, if the temperature rises, the devices need less gate-
voltage to be turned ON. It can be an important finding 
regarding in which applications they can be utilized. 

Furthermore, at room temperature, i.e., 300 K, the thre-
shold voltage of the experimented Si-channel GAA-JL-
NW-FET is 0.4639 V. Device having GaAs-channel has the 
threshold voltage of –0.0865 V at room temperature. For 
InAs-channel transistor at 300 K, the threshold voltage is 
–1.0804 V. And if the channel is of InP, the threshold vol-
tage is 0.2580 V at room temperature.  

These results are clear indications of the material de-
pendancy of threshold voltage of GAA-JL-NW-FET. The 
lowest threshold voltage can be achieved from InAs and 
the highest from Si. It proves the fact that, using a channel 
material with higher bandgap energy ensures a higher 
threshold voltage and vice versa. Keeping these in mind, 
the channel materials should be chosen so that they can 
accomplish the necessity. 

5 CONCLUSION 
GAA-JL-NW-FET is one of the most promising transistors 
for the near future for its simplicity and other electronic 
properties like near-ideal sub-threshold slope, extremely 
low leakage currents and less degradation of mobility 
with gate voltage and temperature than classical transis-
tors. However, the high doping concentration in the 
channel reduces carrier mobility, which hurts drive cur-
rent and transconductance of JL MOSFETs.  

The temperature effect on the threshold voltage of this 
device has been deeply investigated over a range of 200 K 
to 400 K. And from this analysis, a conclusion may be 
drawn that the threshold voltage of GAA-JL-NW-FET is 
temperature dependant and it decreases with the increa-
ment of temperature. 

The study has been made for Si, GaAs, InAs and InP 
NW based devices. From this study, it is clear that the 
minimum and maximum threshold voltages are achieved 
using InAs and Si, respectively. 

It has already been mentioned earlier that GAA-JL-
NW-FET has a great potential to replace the existing tran-
sistors. It is very important for the researchers to study its 
different characteristics for proper utilization. In the near 
future, the properties of this device along with the use of 
different channel materials may be studied. 
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Abstract—Testing uncorrelation or independence of the two components of a bivariate normal distribution is known for inde-

pendent and identically distributed bivariate normal observations. What happens if the some of three strong assumptions do not 

hold good?  A recent trend among business experts and econometricians is to use bivariate t-distribution whose components 

are correlated and which has thicker sides. It has been pointed out that  the tests for uncorrelation developed in the bivariate 

normal case remains the same for observations following identical bivariate t-distributions. The implication, in this case, is that 

the failure of rejection of hypothesis of uncorrelation of the two components on the basis of a test would not necessarily mean 

independence. Similarly, testing the equality of true variances or homoscedasticity by sample variance ratio is also well known 

for independent and identically distributed observations from two normal populations. What is less known is that even if  the 

sample obervations follow independent and identical bivariate normal distributions, the test remains the same. In this paper, we 

prove that the test of equality of variances remains the same even for observations following identical bivariate t-distributions.  
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1 INTRODUCTION

ET each of the sample observation 

,jX ( 1, 2, , ),j N  follow a bivariate t-

distribution  with mean   (column vector order 2 com-

ponents) and scale matrix   (a 2 2  matrix) where 

1 2( , )    and  ( )ik  , 1, 2;  1, 2i k  . We 

denote 
2 2

11 1 22 2,  ,      
12 1 2    with 

1 20,  0    and the quantity   ( 1 1)    as 

the product moment correlation coefficient between 
1X  

and 2X .  The sample mean vector is ,X  where 

1 2( , ),X X X  so that the sums of squares and cross 

product matrix is given by ( ),ikA a   where 

1

( )( ),
N

ik ij i kj k

j

a X X X X


    1,2; 1,2.i k   Obviously, 

2

1

( ) ,
N

ii ij i

j

a X X


   ( 1,2),i   and 
12 1 1 2 2

1

( )( ).
N

j j

j

a X X X X


    

The sample correlation coefficient is then given by 

12 1 2/ ( ),r a ms s  where 2 /i iis a m ( 1,2)i   and 1.m N    

In 1915, Fisher derived the distribution of the bivariate 
matrix A to study the distribution of correlation coeffi-
cient based on independent observations from a bivariate 
normal population [1]. The distribution of A is also 
known for uncorrelated observations following identical 

bivariate t-distributions. See, for example, in [2] page 157 
and [3].  

A recent interest among the applied scientists is the use 
of fat tailed distributions for modeling business data such 
as stock returns. Since the bivariate t-distribution has fat-
ter tails, it has been increasingly applied for modeling 
business data.  Interested readers may go through [4],[5] 
and [6].  

If sample observations follow bivariate normal distri-

butions, the test statistic 1/2 2 1/2( 1) ( )(1 )m R R    is 

known to have a t-distribution with 1m degrees of 

freedom under the null hypothesis 
0 : 0H    against the 

alternative 
1 : 0.H   In this paper we will expound that 

the assumption of bivariate normality can be relaxed to 

bivariate t-distribution.  

Consider the scaled variances 2 2

1 1/U mS   and 

2 2

2 2/ .V mS   Assuming that the observations are from a 

bivariate normal population, Bose in 1935 and Finny in 

1938 derived the density function of the variance ratio 

/H U V  (See equation 4.1) [7],[8]. The distribution 

specializes to usual F-distribution ( , )F m m  if 0.   

The random variables U and V have a bivariate chi-

square distribution [9] with correlation coefficient 
2 and 

found application in signal processing [10]. 

L 
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Can we relax the assumption of bivariate normality to 

fat tailed distributions, say, to bivariate t-distribution and 

study the behaviour of the variance ratio? In this paper, 

we prove that if the sample observations are uncorrelated 

t-distributions, the distribution of the variance ratio re-

mains the same. 

In Section 3, we derive the joint distribution of scaled 

variances ( , )U V and correlation coefficient ( )R when-

ever the sample observations are uncorrelated bivariate t-

distributions. We pinpoint that the uncorrelation does not 

necessarily imply independence in this case. In Section 4, 

we prove that even if the observations follow identical 

bivariate t-distributions, the distribution of variance ratio 

( / )H U V  is the same as that developed by Bose 

orFinney [7], [8]. 

2 BIVARIATE NORMAL AND T-DISTRIBUTIONS 

Let X  be bivariate normal random vector with density 
function  

 1 1/2 1

2.1

1
( ) (2 ) | | exp ( ) ( ) ,

2
f x x x     

     
 

(2.1) 

which will be denoted by 
2( , ).N   Note that ( )E X   

and the variance-covariance matrix 

( ) ( )( )Cov X E X X     is given by 

( ) .Cov X   The bivariate normal distribution is also 

called elliptical normal distribution as the density func-

tion in (2.1) is constant on the ellip-

soid 1 2( ) ( )x x c     for any constant .c  

The -thj observation with -thi characteristic is de-

noted by ijx  so that the random sample is denoted by 

 ; 1,2; 1,2, , .ijX i j N   Then the sample 
1 2, , , ( 2)NX X X N   

has the joint probability density function 

/2 1

2.2 1 2

1

1
( , , , ) (2 ) | | exp ( ) ( ) .

2

N
N N

N j j

j

f x x x x x    



 
     

 
      

         (2.2) 

 

Each observation ( 1,2, , )jX j N in (2.2) follows (2.1). 

Since the observations in (2.2) are uncorrelated, by virtue 

of normality, they are also independent and we call it In-

dependent and Identical Bivariate Normal (IIBN) model 

for sample. Note that sufficient statistics for  and   

exist in model (2.2). 
In [1], Fisher derived the distribution of A   in order to 

study the distribution of correlation coefficient from a 
normal sample. The distribution of A  is given by  

/2 ( 3)/2 1

2.3

1
( ) 4 ( 1) | | | | exp

2

m mf A m A tr A    
      

 

, 0, 2.A m            (2.3)                                                   

The joint density function of the elements of A  can be 

written as 
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(2.4) 

where, 

11 22 11 22 12 11 220,  0,  ,  2,  1 1a a a a a a a m          .  

Let X  be bivariate -t random vector with probability 
density function 

 
( /2) 1

1/2 1

2.5 ( ) | | 1 ( ) '( ) ( ) ,f x x x


  
 

      

      (2.5) 

where, the scalar   is assumed to be a known positive 

constant, see page 48 in [11].  The variable will be denoted 

by 
2( , ; ).T    Note that ( )jE X   and 

 
1

( ) ( )( ) 1 (2 / ) ,Cov X E X X  


       2.   

Bivariate  t -distribution can be generated by Conditional-

ity Principle, Conditional Independence or by Stochastic 

Decomposition [12]. If sample observa-

tions ( 1,2, , )jX j N  are independent
2( , ; )T   , the joint 

density for the sample is given by  

 
( /2) 1

/2 1

2.6 1 2

1

( , , , )  | | 1 ( ) ( ) ( ) ,
N

N

N j j

j

f x x x x x


  
 

 



     

      (2.6) 
which will be called an Independent and Identical Bivari-
ate T (IIBT) model for the sample. Note that sufficient 
statistics for  and   do not exist in model (2.6). Is there 
any other alternative model for sample that shares intrin-
sic features, namely, marginality, conditionality, sym-
metry, equiprobable contour of (2.2)? 

 

Now consider a sample 
1 2, , , ( 2)NX X X N   

1 2, , ( 2)NX X X N   having the joint probability density 

function 

1)2/(

1
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217.2
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 (2.7)   

Each observation ( 1,2, , )jX j N in (2.7) follows 
(2.5). Since the observations in (2.7) are uncorrelated but 
not necessarily independent, (2.7) is called Uncorrelated 
and Identical Bivariate T (UIBT) model for the sample. 
Note that the sample observations in (2.7) are independ-
ent if    in which case (2.7) converges to (2.2) which 
is the joint density function of N uncorrelated observa-
tions from bivariate normal distribution. Samples can be 
generated from (2.7) by conditionality principle, condi-
tional independence or much easily by stochastic decom-
position [12]. In [13], Kelejian and Prucha proved that the 
Uncorrelated and Identical Bivariate model (2.7) captures 
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fat tailed behaviour better than the independent model in 
(2.6). 
The density function of A based on UIBT model (2.7) is 
given by 

 
( /2)

/2 ( 3)/2 1

2.8 ( ) | |  | | 1 ( )
m

m mf A A tr A



 

      ,

0, 2A m          (2.8) 

where, 2,m  see page 160 in [3]. The above can also be 
written in terms of the elements as  
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(2.9) 

where, 
11 22 11 22 12 11 220,  0,  ,  2,  1 1a a a a a a a m          .  

3 TESTS ON CORRELATION COEFFICIENT 

3.1 Testing the Significance of Correlation Coeffi-
cient under Bivariate Normality 

If each of the sample observations follow a bivariate nor-

mal distribution, it is well known that under the null hy-

pothesis 
0 : 0,H   the test statistic 

2 ~ (1/ 2,( 1) / 2),R Beta m and  
1/2

21 1m R R


   has a Stu-

dent t-distribution with ( 1)m   degrees of freedom.The 

likelihood ratio test of the null hypothesis 
0 : 0H    

against the alternative 
1 : 0H    is done by the above 

statistic.   
 

3.2 Testing the Significance of Correlation Coeffi-
cient under Bivariate t-Distribution 

If sample observations follow UIBT model (2.7), then we 
need the distribution of R for testing the null hypothesis 

0 : 0H    against the alternative 
1 : 0.H    It has 

been proved by Fang and Anderson; and Ali and Joarder 
in [2] and [14] respectively that the distribution of sample 
correlation coefficient remains the same as that for bivari-
ate normal distribution. The proofs were done for a gen-
eral class of distributions. For wide spectrum of readers, 
we sketch the proof in Theorem 3.2. The joint density 
function of scaled variances and correlation coefficient is 
derived below. 
 

Theorem 3.1. Let 
2 2

1 2,S S and R be sample variances and 

correlation coefficient based on a sample following bivariate 

Uncorrelated T-model (2.7). Then the joint density function of 
2 2

1 1/ ,U mS   2 2

2 2/ ,V mS  R is given by  
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Where, 2m   and 1 1.    

 

Proof. The density function of the elements of A based 

on UIBT model (2.7) is given by (2.9), where 

11 22 120, 0, , 1 1a a a        , 

1 22, 0, 0m     . Under the transformation 

2 2

11 1 22 2 12 1 2, ,a ms a ms a mrs s    

2 2 2 2 2 2 2 2

11 22 1 2 12 1 2(i.e., ,  )a a m s s a m r s s  with Jacobian 

2 2 3

11 22 12 1 2 1 2( , , , , )J a a a r s s m s s  , we have,  
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The transformation 
2 2

1 1 ,ms u  
2 2

2 2ms v with Ja-

cobian  
22 2 2

1 2 1 2( , , )J s s u v m    , leads to (3.1). 

 
As  , the joint density of ,U V  and R  converges 
to the joint density function of ,U V  and R  if the sample 
is drawn from a bivariate normal population [15]. 
 

Theorem 3.2. Let 
2 2

1 2,S S and R be sample variances and 

correlation coefficient based on uncorrelated bivariate t-model 

(2.7). Then the density function of R is given by  
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where, 2m   and 1 1.    
 

Proof. Since 22 (1 ),u v r uv      by expanding the 

last term of (3.1), the probability density function of R  

can be written as  
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Th e n  t h e  t ra n sform a t i on     2 2

1 21 ,  v 1u y y      

with Jacobian  
2

2

1 2( , , ) 1J u v y y    yields 
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 
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where, 
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be evaluated that  
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we have  
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  which, apart 

from normalizing constant,  is known to be the density 

function of R . 
The density function of R was derived originally by 

Fisher in 1915 for independent sample observations fol-
lowing identical bivariate normal distributions [1]. Theo-
rem 3.2 indicates that the assumption of bivariate normal-
ity under which tests on correlation coefficient are devel-
oped can be relaxed to bivariate t-distribution.  

Acceptance of the null hypothesis does not mean in-

dependence unless the sample is from bivariate normal 

distribution. In view of Theorem 3.2, the test is true for 

bivariate t-distribution in which case acceptance of 

0 : 0H   implies uncorrelation but not necessarily in-

dependence.  
We warn that the distribution of R  is not necessarily 

the same if we had independent model (2.6) for the sam-
ple. The approximate distribution of  R  for independent 
observations from bivariate t-population can be obtained 
from page 157 in [11]. For the distributions of R in nonel-
liptical populations, the reader is referred to [16] and the 
references therein. 

4 TESTING EQUALITY OF VARIANCES 

Consider testing the equality of variances under three 

different situations. Suppose that we want to test the hy-

pothesis 
2 2

0 1 2: ,H    against the alternative hypothe-

ses 
2 2

0 1 2: .H    

 

 4.1 Independently and Identically Distributed Ob-

servations from 
2

1 1( , )N   and 
2

2 2( , )N    

Consider two independent samples 

1 jX ( 1, 2, , )j N and 
2 jX ( 1, 2, , )j N from 

2

1 1( , )N   and 2

2 2( , )N   respectively. Then the likelihood 

ratio is given by 
/22

,
(1 )

m m

m

H

H
 


 Where, / .H U V  Since,  is a monotonic 

function of ,H  the test can be carried out by .H  The criti-

cal region 0{ : 0 }    is equivalent to 

{ :{ } { }}l uH H H H H    where 
uH and 

lH can be deter-

mined so that under null hypothesis ( ) / 2uP H H    

and ( ) 1 ( / 2).lP H H     

 
4.2 Independently and Identically Distributed Ob-

servations from 
2( , )N    

Consider observations 
1 2, , ( 2)NX X X N   each having 

2( , )N   . Then it follows from Bose (1935) or Finney 

(1938) that H has a density function 
( 1)/2

2 /2 ( 2)/2 2
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Which, will be denoted by ( , ; ).F m m   In [8], Finney 
compared the variability of the measurements of standing 
height and stem length for different age group of school 
boys by his method with the help of Hirschfeld [17].  In 
[18], Wilks developed the likelihood ratio test for testing 
the equality of variances in presence of correlation if the 
parent population is bivariate normal. An excellent re-
view is available in [19] by Modarres, who also per-
formed Monte Carlo simulation to determine the behav-
ior of the likelihood ratio test. 
 
4.3 Uncorrelated and Identically Distributed Obser-
vations from Bivariate T-Distribution 

In this section we will prove that the even if each of the 

sample observations 
1 2, , ( 2)NX X X N   follow identical  

bivariate t-distribution and the sample has the model 

(2.7), the distribution of /H U V remains the same as 

( , ; ).F m m   Note that the observations are uncorrelated and 

not necessarily independent though the correlation be-

tween the components 1 jX and 2 jX of ( 1,2, , )jX j N is 

 [14].  

 

Theorem 4.1 Let 
2 2

1 2,S S and R be sample variances and 

correlation coefficient based on uncorrelated bivariate t-

model (2.7). Also let  2 2

1 1/U mS   and 2 2

2 2/V mS   be 

scaled sample variances. Then the density function of 

/H U V is given by  
( 1)/2
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   (4.1) 

Where, 2m   and  1 1,    and ( , )B a b  is the 

usual beta function. 
 

Proof.  It follows from (3.1) that the joint density function 
of  U  and V  is given by 
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It follows that the density function of /H U V  is giv-
en by  
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Substituting
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Jacobian 
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Since the integral in y can be converted to a beta type 
integral and it gets absorbed into the normalizing con-
stant, 
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which is equivalent to what was obtained by Bose in 1935 
[7] or Finney in 1938 [8], and is equivalent to (4.1). 

Equation (4.1) is well known for bivariate normal dis-
tribution (Bose, 1935). This proves the robustness of vari-
ance ratio in the class of bivariate elliptical t-distributions. 
The distribution of test statistic /H U V  given by (4.1) 
will be denoted by ( , ; ).F m m   
 

Example 4.1 A chemical engineering is investigating the 
effect of process operating temperature ( x ) on product 
yield ( y ). The study results in the following data: 
 

x  y  
100 45 
110 51 
120 54 
130 61 
140 66 
150 70 
160 74 
170 78 
180 85 
190 89 

 

See page 457 in [20]. We assume that X  and Y have an 
elliptical t-distribution with correlation coefficient   
given by (2.7). 

a. We want to test 
0 : 0H    against 

1 : 0.H   The statis-

tic 
2
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R m
T

R


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

  

has a t-distribution with a degrees of freedom of 2m   
so  that the Rejection Region is { : 2.306 2.306}.t t    
Since the sample produces 

12
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0.998128718
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a
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and 

2

1
48.9696,
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r m
t

r


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

we reject the null hypothesis and 

accept the alternative hypothesis. In the classical method, 

the assumption of bivariate normality of X  andY  and 

the independence of bivariate observations were re-

quired. 

b. We want to test 2 2

0 1 2:H    against 2 2

1 1 2:H   where 

2

1 and 
2

2 are the true variations of temperature and 

that of product yield.  Let
2

1s and 
2

2s are the sample varia-

tions of temperature and that of product yield.   

The statistic 
2

1

2

2

/
,

/

s m
F

s m
 has a variance ratio distribution 

with the same degrees of freedom of freedom of 9 so that 

the Rejection Region is{ : 0.3145 3.18}.F F  Since the 

sample yields 1932.10 / 9
0.2342,

8250 / 9
F   we do not reject null 

hypotheses. In the classicalmethod, the assumption of 

normality of X  andY  and their independence are re-

quired. 

5 CONCLUSION 

The testing of equality of variances in presence of correla-

tion with a bivariate normal population has a long histo-

ry. Under the null hypothesis, the test statistic /H U V  

has a ( , ; )F m m   distribution and can be used for testing 

2 2

0 1 2: ,  0H     against 2 2

0 1 2: ,  0H      if  is known.  

In this paper, we have proved that the assumption of 
normality can be relaxed to bivariate t- distribution for 
testing equality of variances in presence of correlation. 
However, the acceptance of the null hypothesis in this 
case would mean uncorrelation; It would mean inde-
pendence in the special case of bivariate normality. The 
robustness of the distribution of the variance ratio or of 
the test will stimulate statisticians, econometricians and 
business experts to embark on further investigation in the 
area, let alone the use of classical results with confidence.     

ACKNOWLEDGMENT 

The authors acknowledge the excellent research support 
provided by King Fahd University of Petroleum and 



24 ULAB JOURNAL OF SCIENCE AND ENGINEERING 

 

Minerals, Saudi Arabia through the project IN131015. The 
first author also acknowledges the excellent research facil-
ities at University of Liberal Arts Bangladesh. 

REFERENCES 

[1] Fisher, R.A. (1915). Frequency distribution of the values of the 

correlation coefficient in samples from an indefinitely large 

population,  Biometrika, 10, 507-521. 

[2] Fang, K.T. and Anderson, T.W. (1990). Statistical Inference in 

Elliptically Contoured and Related Distributins.  Allerton Press.  

[3] Sutradhar, B.C. and Ali, M.M. (1989). A generalization of the 

Wishart distribution for the elliptical model and its moments 

for the multivatiate t model. Journal of Multivariate Analysis, 

29(1), 155-162. 

[4] Sutradhar, B.C. and Ali, M.M (1986). Estimation of the parame-

ters of regression model with a multivariate t error variable. 

Communications in Statistics: Theory and Methods, 15, 429-450. 

[5] Lange, K.L.; Little, R.J.A. and Taylor, J.M.G. (1989) Robust sta-

tistical modeling using the t distribution. Journal of American 

Statistical Association, 84, 881-896. 

[6] Billah, M.B. and Saleh, A.K.M.E. (2000). Performance of the 

large sample tests in the actual forecasting of the pretest estima-

tors for regression model with t-error. Journal of Applied Statis-

tical Science, 9(3), 237-251. 

[7] Bose, S.S. (1935). On the distribution of the ratio of variances of 

two samples drawn from a given normal bivariate correlated 

population, Sankhya, 2, 65-72. 

[8] Finney, D.J. (1938). The distribution of the ratio of the estimates 

of the two variances in a sample from a bivariate normal 

population, Biometrika, 30, 190-192. 

[9] Gunst, Richard F. And Webster, John T. (1973). Density 

functions of the bivariate chi-square distribution. Journal of 

Statistical Computation and Simulation, 2, 275-288. 

[10] Gerkmann, T. And Martin, R. (2009). On the statistics of spec-

tral amplitudes after variance reduction by temporal cepstrum 

smoothing and cepstral nulling. IEEE Transactions on Signal 

Processing, 57(11), 4165-4174. 

[11] Muirhead, R.J. (1982).  Aspects of Multivariate Statistical Theo-

ry. John Wiley and Sons, New York. 

[12] Johnson, M.E. (1984). Multivariate Statistical Simulation. John 

Wiley and Sons, New York. 

[13] Kelejian, H.H. and Prucha, I. (1985). Independent and uncorre-

lated disturbances in linear regression: An illustration of the 

difference. Economic Letters, 19, 35-38. 

[14] Ali, M.M. and Joarder, A.H. (1991). Distribution of the correla-

tion coefficient for the class of bivariate elliptical models, Cana-

dian Journal of Statistics, 19, 447-452. 

[15] Joarder, A.H. (2009). Moments of the product and ratio of two 

correlated chi-square random variables. Statistical Papers, 50(3), 

581-592. 

[16] Johnson, N.L.; Kotz, S. and Balakrishnan, N. (1995). Continuous 

Univariate Distributions (volume 2). John Wiley  and Sons, 

New York. 

[17] Hirschfeld, H.O. (1937). The distribution of the ratio of 

covariance estimates in two samples drawn from normal 

bivariate populations,  Biometrika, 29, 65-79. 

[18] Wilks, S.S. (1946).  Sample Criteria for Testing Equality of 

Means, Equality of Variances, and Equality of Covariances in a 

Normal Multivariate Distribution. The Annals of Mathematical 

Statistics, 17, No. 3 , 257-281. 

[19] Modarres, R. (1993) Testing the Equality of Dependent Vari-

ances. Biometrical Journal 35(7), 785-790. 

[20] Hines, William W. and Montgomery, Douglas C. (1990). 

Probability and Statistics in Engineering and Management 

Science. John Wiley and Sons. 

 
 
Anwar H. Joarder obtained PhD and MS degrees in Statistics from 
the University of Western Ontario in 1992 and 1988, respectively. 
Currently he is a professor at University of Liberal Arts Bangladesh 
(ULAB). Before joining ULAB, he worked at many institutions includ-
ing the University of Western Ontario, Monash University and Uni-
versity of Sydney. He serves on the editorial board of about 10 inter-
national research journals. He has authored or co-authored about 80 
methodical papers published in internationally reputed research 
journals. His research area includes robustness of statistical meth-
ods, correlated statistical analysis, multivariate parametric estima-
tion, and survey sampling and pedagogical statistics. He has been a 
lifelong Fellow of Royal Statistical Society, England, since 2005. 
 
M. Hafidz Omar obtained PhD degree in Educational Measurement 
and Statistics in 1995 from the University of Iowa, USA. He obtained 
MS degree in Statistics in 1992 and BS in Actuarial Science in 1990 
from the same university. He worked in companies and taught statis-
tics at several institutions in the USA including the University of Iowa, 
the University of Kansas, and Riverside Publishing Company. Cur-
rently he is an Associate Professor of Statistics and Actuarial Sci-
ence at King Fahd University of Petroleum and Minerals. He has 
refereed many research papers from reputable international journals. 
He has authored or co-authored more than 50 papers published in 
internationally reputed research journals. His research area includes 
applied multivariate statistics, correlated statistical analysis, probabil-
ity modeling, mathematical statistics, educational statistics, actuarial 
statistics and statistics education. 
 

 



ULAB JOURNAL OF SCIENCE AND ENGINEERING VOL. 6, NO. 1, NOVEMBER 2015, ISSN 2079-4398 (PRINT), ISSN 2414-102X (ONLINE) 25 

 

Group Performance in a Swarm of Simulated 
Mobile Robots 

Sifat Momen1 and Kazi Tanjila Tabassum2 

1Department of Computer Science and Engineering 
University of Liberal Arts Bangladesh 

Email: sifat.momen@ulab.edu.bd 
2Department of Computer Science and Engineering 

East West University 
 

Abstract— Division of labour (or task allocation) is considered to be one of the most fundamental fields of research within the 

context of swarm intelligence and swarm robotics. In this paper, we look at how swarms of simulated mobile robots (i.e. mobile 

agents) carry out the decision of doing a particular task in an artificial world. In this paper, we present an agent based model 

wherein groups of mobile agents make decisions based on some simple rules. We, furthermore present an in-depth analysis on 

the efficiency of the swarm – typically how factors such as the number of robots and the amount of tasks affect the average 

energy of the swarm (energy efficiency) and how well they are utilized (robot utilization). Our simulation results reveal a number 

of interesting findings including: (1) the robot utilization decreases with the increase in the number of robots and vice versa, (2) 

the robot utilization increases with the increase in the amount of task and vice versa, and (3) there exists a swarm size, S,  

which results in an optimal energy for the swarm.  
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1 INTRODUCTION

ivision of labor (or task allocation) is often referred 
to as one of the most salient features for the organ-
ization and success of a team [1, 2]. Many multi-

agent systems, such as that of the swarm systems (both 
biological and artificial), comprise of agents that carry out 
tasks. Typically there are more than one task in the envi-
ronment and therefore there needs to be a mechanism 
through which the tasks to be done are to be assigned to 
agents for execution. This ability to allocate tasks among 
the agents is referred to as task allocation or division of 
labor.  Often, the demand for the completion of a particu-
lar task may change (i.e. increase / decrease) due to per-
turbations caused by internal or external factors. Conse-
quently, agents may require to re-assign tasks on the fly 
to meet the changing environment.   

This paper addresses the issues of division of labor 
within the context of a group of mobile agents that are 
assumed to be simple (i.e. they have simple behavioral 
rules) and adaptive (i.e. they can switch tasks as re-
quired). Agent based modeling (ABM) approach has been 
chosen to model the behavior of  agents since this ap-
proach can handle more complex behavior of agents (as 
opposed to that of the mathematical modeling). A simple 
stimulus response algorithm has been developed to pro-
vide the ability for the agents to re-assign tasks on the fly 
without the need of any centralized controller. The paper 
carefully analyzes how the collective behavior of agents 
affect the efficiency of the system at the macro-level. We 
introduced and defined robot utilization and energy effi-

ciency to understand how the efficiency at the macro-
level is affected by the number of robots in the environ-
ment.    

The rest of the paper is organized as follows: In section 
II, a background of task allocation and swarm systems is 
given followed by our proposed model in section III. Ex-
perimental details and their results are discussed in sec-
tion IV. Finally the paper concludes in section V with a 
summary of our findings and potential implications in 
our future research endeavors.  

2 BACKGROUND 

Division of labor is highly noticeable in biological swarm 
systems such as ants, bees, termites etc. where individual 
agents respond to changing environment to serve the 
colonial demand. Division of labor in ants, in particular, 
are well-studied behavior within the context of social 
insects.  

 
2.1 Division of labor in ants 

There are more than 12000 species of ants and they show 
different kinds of division of labor [2, 3, 13]. The most 
fundamental form of division of labor in ants is the 
reproductive division of labor where a few individuals 
(often limited to one – called the queen) is solely 
responsible for the reproductive tasks while the other 
females of the colony (called workers) work as non-

D 
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reproductive agents. Apart from the basic division of 
labor, there are three prominent kinds of division of labor 
(not necessarily mutually exclusive of each other) found 
within different species of worker ants [3]: (1) Worker 
polymorphism, (2) Age polyethism and (3) Individual 
variability.  

The ants that exhibit worker polymorphism tend to 
specialize in particular tasks due to their morphological 
advantages. For example, in case of the Pheidole ants [3], 
there exists two kinds of workers: major workers and 
minor workers. Major workers have disproportionately 
large heads and strong mandibles. Therefore, they tend to 
specialize in tasks that are laborious such as guarding a 
nest from intruders and/or transporting heavy objects 
from one place to another. Minor workers, on the flip 
side, tend to be smaller in size and therefore they tend to 
specialize in softer tasks i.e. tasks that do not require 
much expense of energy (such as cleaning the nests or 
feeding the young brood members) 

Some species of ants (such as the Pogonomyrmex 
barbatus and Catalyphis bicolor) [4] are found to display 
age polyethism in which the task preferred by workers 
tend to change with their age. The young workers tend to 
be closer to the queen specializing in tasks such as 
feeding brood members and cleaning nests while the 
older workers tend to specialize in foraging and carrying 
food items to the nest.   

However, most species of ants tend to demonstrate 
individual variability wherein they select tasks 
depending on their learning experience based on different 
factors. Consequently such colonies of ants tend to adapt 
to environment quickly and respond to the change in 
demand of the colony. For instance, in case of the red 
harvester ants, the worker class tends to carry out a 
number of tasks including foraging, patrolling, feeding 
younger brood members and cleaning nests. However, if 
the system is perturbed by external agencies, the situation 
changes. For instance, rain often results in the damage to 
the nest and this increases the demand to clean up the 
nests. When this happens, some of the ants doing other 
tasks are found to switch to nest cleaning job in response 
to the increased colonial demand for cleaning the messes 
[5]. This behavioral plasticity is the key factor behind the 
effective organization and the success of a colony. 

2.2 Division of labor in swarm robotics 

Animal behavior and in particular the behavior of social 
insects have strongly inspired many engineering 
disciplines. One such discipline that emerged over the 
past fifteen years is the field of swarm robotics where 
groups of robots (physical robots or simulated robots) or 
agents interact with each other to perform some tasks. 
These agents are autonomous in the sense that they carry 
out tasks without the need of any intervention of a 
centralized controller. The agents have simple behavioral 
rules and interact only locally i.e. they do not have the 
knowledge of the global template of the environment. 
One of the early papers written in this area was that by 
Krieger and Billeter [6] where they used up to twelve 

mobile robots to make the decision of whether to forage 
or rest. Unfortunately, the robots were not fully 
autonomous in the sense that periodically radio messages 
were sent to the robots from a control station briefing out 
when to forage or not. This is in violation with the swarm 
intelligence paradigm. However, the paper remains an 
important one as this was the first time, ant behavior was 
simulated in real robots. Subsequent studies by Labella 
[7] and Wenguo Liu and colleagues [8] worked towards 
building a fully decentralized system for allocating tasks. 
Yongming and colleagues [9] used a fixed response 
threshold model to develop a system where simulated 
robots can automatically decide whether to forage or rest. 
Ducatelle and colleagues [10], inspired from the work of 
Momen and colleagues [11] in mixed species flocking, 
presented task allocation strategies in the realms of 
heterogeneous groups of mobile robots. In their model, 
they had two kinds of simulated robots (wheeled robots 
and flying robots) working together to perform a 
common task. Zahadat and colleagues [14, 16] developed 
distributed adaptive partitioning algorithm for swarms of 
underwater robots. Their work was inspired by the age 
polyethism behavior demonstrated by honeybees. 
Brutschy and colleagues [15] on the other hand developed 
a method of allocating sequentially interdependent tasks 
to swarms of robots. In 2013, Momen [17] proposed how 
swarms of heterogeneous robots allocate tasks in a 
stochastic environment. 

All the studies in the literature looks into developing 
systems that allocate tasks in a dynamic fashion. 
However, the factors affecting the efficiency of a multi-
agent system is not well addressed in the literature. In 
this paper we present a simulated group of robots that 
can divide their labor to carry out complex tasks. We also 
carefully inspect the issue of efficiency in the context of 
swarm systems. 

3 PROPOSED MODEL 

Agent based modeling approach has been taken to model 
a swarm system in which agents make decisions of what 
tasks to do at any given moment. The model is developed 
using Netlogo [12], a cross-platform multi-agent 
modeling environment. 

The specification of the proposed model is given below: 

3.1 Specification of the model 

The model consists of an environment (which is a 2D grid 
world) populated with mobile robots and objects (called 
boxes) placed randomly in the world (see figure 1). The 
topology of the world is referred to as ‘Box’ as the world 
is bounded in all dimensions. The agents (robots) can car-
ry out three major tasks. Within each major tasks, there 
are a number of sub-tasks. The major tasks carried out by 
the simulated robots in our model are outlined below: 

1) Charging- In this case, the robots go to a designated 
charging area (in the top left hand corner of the environ-
ment) in order to charge themselves up.  
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2) Box searching- In this case, robots search for boxes in 
the environment. 

3) Box transport- Once a robot finds a box, it grabs the 
box using its gripper, moves towards a designated dump-
ing area (on the top right hand corner of the environment) 
and leaves the box there. 

The space is treated in discrete patches (81x41). However, 
the movement of the robots is modelled in continuous 
space so that at each time step t, each robot’s floating 
point coordinates is mapped to an integer type coordinate 
in the local patch. 

3.2 Behavioral rules 

Each robot possesses orientation and follows simple rules 
as described below (see figure 5 for further details).  

1. Each robot maintains an energy value [initialized 
randomly between 500 and 1000].  

2. A robot moves randomly within the environment. 

3. After every step, the energy value of a robot decre 
ments by a fixed small value.  

4. Every robot has to maintain a minimum energy in 
order to operate. 

5. If the energy of the robot falls below the minimum 
energy, the robot activates the charging task. (see fig-
ure 2) and moves towards the charging area. 

6. Once it goes to the charging area, the energy value of 
the robot increases and it gets charged up. 

7. If a robot finds a box within its visible range, it ap-
proaches the box, grip it using its gripper and starts 
moving towards the dumping area.  

8. Once it reaches the dumping area, it releases the box 
and switch to box-searching mode for picking up new 
boxes. 

9. The robots know the locations of the dumping area 
and the charging area and therefore they can simply 
face towards the area they need to move and starts 
travelling in that direction. 

 

3.3 Parameters used in this model 

The following table summarizes the parameters used in this model. 

 

TABLE I. Parameters in the Model. 

Parameter Name Value Remarks 

Number of robots Variable This parameter specifies how many robots 
are used in a particular simulation. 

Number of boxes Variable This parameter specifies the number of boxes 
placed randomly in the environment. 

Minimum energy 185 This is the minimum energy a robot must 
have in order to operate. A robot having en-

ergy below this value needs to go to the 
charging area and charge itself up. 

Energy decrement 0.12 This is the amount by which the energy of a 
robot decreases after every move. 

Vision range 8.5 This is the depth of patch a robot can see. 

Vision angle 440 This is the angular vision of the robot. The 
robot can see 220 to its left and 220 to its 

right. 

Grab range 3.7 If a box is within its grab range, the robot can 
grip the box and start transporting. 
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Figure 1: Snapshot of the model (robots are marked as green circles, the boxes are boxed shape and colored green if not yet being picked 
up, yellow if it is currently being transported by a robot and red if it is left in the target area.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2: The robot colored red (shape circle) has low energy and has activated the charging task. Hence it is moving towards the charging 
area. 
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Figure 3: Robot Utilization as a function of the number of robots. In a) there are 5 boxes in the environment whereas in b) and c) there are 15 
and 20 robots in the environment. 

 

 

 

 

 

 

 

 

 

 

 

 

        

 

 

 

 

 

Figure 4: Average Energy of robots. There are 10 boxes in (a),  20 boxes in (b) and 30 boxes in (c).   
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Figure 5: State Transition diagram 

4  EXPERIMENTS AND RESULTS 

In this section, we discuss how the number of robots 
participating affects the efficiency of the swarm system. 
This is particularly important since there is a notion of 
understanding in the literature that the increase in 
number of robots will improve the overall efficiency of 
the system. Swarm sytems are characterized by large 
number of redundant agents to improve the efficiency of 
the swarm. However, in reality, it can be different. If there 
are too less robots participating compared to the number 
of boxes in the environment (i.e. the amount of task in the 
world), then it will take long time to complete tasks and 
hence the efficiency would be low. On the other hand, if 
there are too many robots compared to the number of 
boxes, then too few robots will be effectively used and 
consequently it will result in poor resource utilization. In 
order to therefore understand efficiency, we define and 
inspect robot utilization and energy efficiency. Each 
experiment is repeated 20 times (runs) for 4000 time steps 
and the average reading is taken into account.   

 
4.1 Robot Utilization 

Robot utilization refers to the average number of robots 
been used in transporting boxes It is the ratio of the aver-

age number of robots carrying boxes compared to the 
total number of robots present in the environment – thus 
this is the measure of the fraction of robots that are en-
gaged in effective tasks. Figure 3 shows how the robot 
utilization varies with the number of robots in the envi-
ronment. The graphs show some interesting trends: (1) as 
the number of robots increases, the robot utilization de-
creases. So, it is not a good idea to always use a really 
high number of robots. Higher number of robots in a 
swarm system will allow tasks to be done in a shorter 
time but at the same time there are many robots that do 
not have any effective task to do, (2) as the number of 
boxes in the environment increases, robot utilization in-
creases. This indicates that with greater number of tasks 
(if there are more boxes in the environment, there will be 
more transporting activity – so the number of tasks also 
increases), there is an increase in robot utilization. How-
ever, if the robots are over utilized, the efficiency of the 
system will decline. So, when there are more tasks in the 
environment, the increase in the number of robots to par-
ticipate is justified. 

4.2 ENERGY EFFICIENCY 

In this section, we investigate how the average energy of 
a swarm at the end of experiments varies with the 

Initial state 
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Again search box 
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number of robots participating in the experiments. Figure 
4 shows the results obtained. Experiments were repeated 
with different number of boxes in the environment. All 
graphs indicate that there is an optimal number of robots 
for which the average energy of the swarm is maximum 
which agrees to our hypothesis. If the number of robots is 
less than the optimal value, the average energy of the 
swarm will be less. Similarly, if the number of robots 
participating is more than the optimal value, the average 
energy of the swarm again declines. This indicates that if 
there are too few robots in the world, they need to carry a 
lot of tasks and consequently the average energy of the 
swarm stays low. On the other hand, if there are too 
many robots, many of them will roam around in the 
environment trying to look for a box that they can pick 
up. Meanwhile, they continue to lose their energy and 
consequently again the average energy of the swarm 
stays low. 

5 CONCLUSION AND FUTURE WORK 

This paper presents an agent based model in which 
swarms of simulated mobile robots carry out more than 
one task. The robots make dynamic decisions of when to 
carry out a particular task without the need of any cen-
tralized controller. The issue of efficiency of a swarm is 
investigated in details and some interesting trends have 
been found as illustrated in Section 4. In future, we plan 
to explore this model further and analyze how different 
parameters affect robot utilization and energy efficiency 
in a swarm. We also plan to adopt genetic algorithm to 
investigate the range of parameters that result in optimal 
energy efficiency and robot utilization.  
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1.  INTRODUCTION
iver water pollution can be modeled using one di-
mensional advection–diffusion equation (ADE). 
This equation reflects physical phenomena where in 
the diffusion process particles are moving with cer-

tain velocity from higher concentration to lower concen-
tration. It is a partial differential equation of parabolic 
type, derived on the principle of conservation of mass 
using Fick’s 1st law. Due to the growing surface and sub-
surface hydro-environment degradation and the air pol-
lution, the advection–diffusion equation has drawn sig-
nificant attention of hydrologists, civil engineers and ma-
thematical modelers. The analytical/numerical solutions 
along with an initial condition and two boundary condi-
tions help to understand the contaminant or pollutant 
concentration distribution behavior through an open me-
dium like air, rivers, lakes and porous medium like aqui-
fer. It has wide applications in other disciplines too, like 
soil physics, petroleum engineering, chemical engineering 
and biosciences. 

Many researchers have already been worked on it. 
Ogata and Banks [7] obtained an analytical solution of the 
one dimensional ADE by reducing the original ADE into 
a diffusion equation by applying moving coordinates. 
Banks and Ali[12] obtained an analytical solution of the 
one dimensional ADE by reducing the original ADE into 
a diffusion equation by introducing another dependent 
variable. Atul Kumar, Dilip Kumar Jaiswal and Naveen 
Kumar [6] presented an analytical solution of the one di-
mensional ADE by reducing the original ADE into a dif-
fusion equation by using Laplace transformation tech-
nique. Agusta and Bamingbola [8] studied on the numeri-

cal treatment of the mathematical model for water pollu-
tion. This study was examined by various mathematical 
models invoving water pollution. The authors used the 
implicit centered difference scheme in space and a for-
ward difference scheme in ti 
mefor the evaluation of the generalized transport equa-
tion.ChangiunZhu, LipingWa and Sha Li [20] presented a 
numerical simulation of hybrid finite analytic methods 
for ground water pollution. Changjun and Shuwen [21] 
made a numerical simulation on river water pollution by 
using grey differential model. They corrected the model 
in finding the truncation error and found that the ob-
tained results from the grey model are excellent and rea-
sonable. Thongmoon and Mckibbin [14] compared some 
numerical methods for the advection-diffusion equation. 
They reported that the finite difference methods (FTCS, 
Crank Nicolson) give better point-wise solutions than the 
spline methods. M. M. Rahman, L.S. Andallah [22] pre-
sented a simulation of water pollution by finite difference 
method. They estimated and analyzed the extent of water 
pollution at different time and points. 

In the present paper our intention is to investigate ma-
thematical models and subsequent numerical methods to 
predict the contaminant concentration levels in a river at 
different time and different points of water bodies. 

2.GOVERNING equation 
The one-dimensional advection-diffusion equation (1) is 
considered as water pollution model is given as  

R
A 
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߲ܿ
ݐ߲

+ ݑ
߲ܿ
ݔ߲

= ܦ
߲ଶܿ
ଶݔ߲

… … … . (1) 

where c represents the solute concentration [ML-3] at the 
point x, along longitudinal direction at time t, D is the 
solute dispersion, if it is independent of position and 
time, is called dispersion coefficient [L2T-1], t = time [T]; x 
= distance [L] and, u is the mean flow velocity [LT-1] as-
sumed to be constant. 
Appended with initial condition 

,ݔ)ܿ 0) = 0(ݔ)݂ ≤ ݔ < ݈ 

and boundary conditions 
ݔ)ܿ = 0, (ݐ = ݃଴(ݔ)                   0 < ݐ ≤ ܶ 

ݔ)ܿ = ݈, (ݐ = ௟݃(ݔ)                     0 < ݐ ≤ ܶ 

the ADE formulates an initial boundary value problem 
(IBVP). 

2.1 ADVECTION DIFFUSION EQUATION AND ITS DERIVATION 
For our model we assumed that the advection-diffusion 
equation may be a good first approximation to model the 
river pollution levels. It was also assumed that the river 
had a uniform cross-sectional area. Therefore, the river 
was assumed to be linear or one-dimensional (a pipe with 
a uniform cross-sectional area). 
 

 

    x=0      x=a              x=b      x=1 

A one-dimensional river cross-section with arbitrary 
interior and end points at x=0 and x=1. 
The advection-diffusion equation in one dimension is 

given by 

ܿ௧ = ௫௫ܿܦ − ௫ܿݑ + ݂… … … … (2) 

where, the parameters are defined as follows- c is the con-
centration, x is the position on the river, t is the amount of 
time that passes, D is the diffusion factor, u is the velocity 
of the river, and f is the source or sink. The dimensions of 
the terms and coefficients in the equation are as follows- 
 
ܿ௧ = ቂ௖௢௡௖௘௡௧௥௔௧௜௢௡

்
ቃ , ܿ௫ = ቂ௖௢௡௖௘௡௧௥௔௧௜௢௡

௅
ቃ , ܿ௫௫ =

ቂ௖௢௡௖௘௡௧௥௔௧௜௢௡
௅మ

ቃ ܦ, = ቂ௅
మ

்
ቃ ݑ, = ቂ௅

்
ቃand ݂ = ቂ௖௢௡௖௘௡௧௥௔௧௜௢௡

்
ቃ. 

 

The derivation of equation (1) is as follows- 
The time rate of change in concentration amount of 

contaminants due to a tributary in the interval from point 
a to point b in the river is represented by 

නܣ ଴݂(ݔ, ݔ݀(ݐ
௕

௔
… … … . . (3) 

whereA is the cross-sectional area of the river and f0 is the 
source/sink.The total amount of contaminant in the river 
on the interval (a, b), is given by 

නܣ ,ݔ)ܿ …ݔ݀(ݐ … … (4)
௕

௔
 

The flux in concentration across a plane due to diffu-
sion is the amount of concentration that passes through 
this plane due to the diffusion process. According to 
Fick’s Law of Diffusion, the concentration flux due to dif-
fusion across any cross-section at a point a is proportional 
to the product of the cross-sectional area and the concen-
tration gradient cx. The flux in concentration due to diffu-
sion at the points a andb with cx being the concentration 
gradient is given by respectively. 

 
,൫ܽܦܣ− ܿ(ܽ, ,ܽ)൯ܿ௫(ݐ (ݐ … … … (5) 

and 

,൫ܾܦܣ− ܿ(ܾ, ,ܾ)൯ܿ௫(ݐ (ݐ … … … (6) 

The concentration flux due to advection across any 
cross-section at point x is proportional to the product of 
the velocity, cross-sectional area, and concentration. By 
conservation of mass, we have 
time rate of change = diffusion flux at (x=a) - diffusion 
flux at (x=b) + advection flux at(x=a) - advection flux at ( 
x=b) + sources or sinks, 
or equivalently, 

݀
ݐ݀
නܣ ݔ݀ܿ

௕

௔
= ,ܽ)൫ܽܿܦܣ− ,ܽ)൯ܿ௫(ݐ (ݐ + ,൫ܾܦܣ ܿ(ܾ, ,ܾ)൯ܿ௫(ݐ (ݐ

+ ,ܽ)ܿܣݑ −(ݐ ,ܾ)ܿܣݑ (ݐ

+ න ଴݂(ݔ, …ݔ݀(ݐ … … (7)
௕

௔
 

Now, divide through by A and let ( ( f0 /A) = f  ). Using the 
fundamental theorem of calculus, 

න
݀
ݔ݀

ݔ݀(ݔ)݂ = ݂(ܾ)− ݂(ܽ)
௕

௔
… … … (8) 

the result is  

න [(ܿ)௧ − ௫(௫ܿܦ) + ௫(ܿݑ) − ݔ݀[݂
௕

௔
= 0 … … … (9) 

The choices of points a and b are arbitrary, so the 
integral equation is written as the partial differential equ-
ation 

ܿ௧ − ௫(௫ܿܦ) + ௫(ܿݑ) = ݂… … … (10) 

Assume that there is no source or sinks holds ( f = 0 ) 
and let D and u be constants. The final equation appears 
as 

ܿ௧ + ௫ܿݑ − ௫௫ܿܦ = 0 

Implies that 
߲ܿ
ݐ߲

+ ݑ
߲ܿ
ݔ߲

= ܦ
߲ଶܿ
ଶݔ߲

… … … . (11) 

2.2 ANALYTICAL SOLUTION 
By coordinate transformation, the exact solution of the 
advection-diffusion equation in unbounded is given by 
[1] 

,ݔ)ܥ (ݐ =
ܯ

ݐܦߨ4√ܣ
−ቆ݌ݔ݁

଴ݔ) – ݔ)  + ଶ((ݐݑ 

ݐܦ4
ቇ… … … (12) 

where,  M = mass of the pollutant 
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A = cross sectional area perpendicular to x 
with the initial condition c(x,0)=(M/A)(x), where (x) is 
the Dirac delta function. 

3. NUMERICAL METHOD FOR GOVERNING EQUATION 
We consider the one–dimensional water pollution model 
problem as an initial and boundary value problem. 

ܥ߲
ݐ߲

+ ݑ
ܥ߲
ݔ߲

= ܦ
߲ଶܥ
ଶݔ߲

… … … … (13) 

With initial condition 
(ݔ,଴ݐ)ܿ = ܿ଴(ݔ);                   ܽ ≤ ݔ ≤ ܾ 

and boundary conditions 
,ݐ)ܿ ܽ) = ܿ௔(ݔ) ;                  ݐ଴ ≤ ݐ ≤ ܶ 

,ݐ)ܿ ܾ) = ܿ௕(ݔ) ;                   ݐ଴ ≤ ݐ ≤ ܶ 

Finite difference techniques for solving the one dimen-
sional advection diffusion equation can be considered 
according to the number of spatial grid points involved, 
the number of time levels used, whether they are explicit 
or implicit nature. 

In Mathematics, the finite difference methods (FDM) 
are numerical methods for solving differential equations 
by approximating them with difference equations, in 
which finite differences approximate the derivatives. 
FDMs are thus discretization methods. 

Today, FDMs are the dominant approach to numerical 
solutions of partial differential equations. Our goal is to 
approximate solutions to differential equations. i.e. to 
find a function (or some discrete approximation to this 
functions) which satisfies a given relationship between 
various of its derivatives on some given region of 
space/and or time, along with some boundary conditions 
along the edges of this domain. In general, this is a diffi-
cult problem and rarely an analytic formula can be found 
for the solution. A finite difference method proceeds by 
replacing the derivatives in the differential equation by 
the finite difference approximations. This gives a large 
algebraic system of equation to be solved in place of the 
differential equation, something that is easily solved on a 
computer.  

3.1 EXPLICIT CENTERED DIFFERENCE SCHEME BY 
FTBSCS TECHNIQUES 

Consider the model equation డ஼
డ௧

+ ݑ డ஼
డ௫

= ܦ డమ஼
డ௫మ

… … … (14) 
In order to develop the scheme, we discretize the x-t 
plane by choosing a mesh width hx space size and a 
time step size kt. The finite difference methods, we will 
develop, produce approximations ܿ௜௡ ∈ ܴ௡  to the solution 
௜ݔ)ܿ ,  ௡) in the discrete points byݐ

௜ݔ = ݅ℎ,    ݅ = 0, 1, 2, 3, … … … 

௡ݐ = ݊݇,   ݊ = 0, 1, 2, 3, … … … 

Let the solution ܿ(ݔ௜ , -௜௡ and its approxܥ ௡) be denoted byݐ
imate value by ܿ௜௡ . 
By Explicit upwind time difference formula 

ܥ߲
ݐ߲

=
௜௡ାଵܥ − ௜௡ܥ

ݐ∆
… … … (15) 

Next use the backward space difference formula 

ܥ߲
ݔ߲

=
௜௡ܥ − ௜ିଵ௡ܥ

ݔ∆
… … … (16) 

And centered space difference formula 
߲ଶܥ
ଶݔ߲

=
௜ାଵ௡ܥ − ௜௡ܥ2 + ௜ିଵ௡ܥ

ଶݔ∆
… … … (17) 

Substituting equations (15 - 17) into equation (14) and 
rearrange according the time level, lead to 

௜௡ାଵܥ − ௜௡ܥ

ݐ∆
+ ݑ

௜௡ܥ − ௜ିଵ௡ܥ

ݔ∆
= ܦ

௜ାଵ௡ܥ − ௜௡ܥ2 + ௜ିଵ௡ܥ

ଶݔ∆
 

Which leads to 

௜௡ାଵܥ = ௜௡ܥ −
ݐ∆ݑ
ݔ∆

௜௡ܥ) − ௜ିଵ௡ܥ ) +
ݐ∆ܦ
ଶݔ∆

௜ାଵ௡ܥ) − ௜௡ܥ2 + ௜ିଵ௡ܥ ) 

∴ ௜௡ାଵܥ = ൬
ݐ∆ݑ
ݔ∆

+
ݐ∆ܦ
ଶ൰ݔ∆

௜ିଵ௡ܥ + ൬1−
ݐ∆ݑ
ݔ∆

− 2
ݐ∆ܦ
ଶ൰ݔ∆

௜௡ܥ

+
ݐ∆ܦ
ଶݔ∆

௜ାଵ௡ܥ  

Implies to 
௜௡ାଵܥ = ߛ) + ) ∗ ௜ିଵ௡ܥ + (1− ߛ − 2 ∗ ) ∗ ௜௡ܥ

+  ∗ ௜ାଵ௡ܥ … … … (18) 

  In which 

ߛ =
ݐ∆ݑ
ݔ∆

 ,  =
ݐ∆ܦ
ଶݔ∆

 

3.2 STABILITY CONDITIONS FOR THE SCHEME BY FTBSCS 
TECHNIQUES 

The explicit centered difference scheme for (14) is given 
by 

௜௡ାଵܥ = ߛ) + ) ∗ ௜ିଵ௡ܥ + (1− ߛ − 2 ∗ ) ∗ ௜௡ܥ

+  ∗ ௜ାଵ௡ܥ … … … (19) 

In which 

ߛ =
ݐ∆ݑ
ݔ∆

 ,  =
ݐ∆ܦ
ଶݔ∆

 

The equation (19) implies that if 
0 ≤ ߛ +  ≤ 1… … … (i) 

0 ≤ 1− ߛ − 2 ≤ 1 … … … (ii) 

0 ≤  ≤ 1 … … … (iii) 

then the new solution is a convex combination of the two 
previous solutions. That is, the solution at new time-step 
(n+1) at a spatial node i is an average of the solutions at 
the previous time-step at the spatial-nodes i-1, i and i+1. 
This means that the extreme value of the new solution is 
the average of the extreme values of the previous two 
solutions at the three consecutive nodes. Therefore, the 
new solution continuously depends on the initial value 
ܿ௜଴, ݅ = 1, 2, 3, … … …  .ܯ.
(ii) impliesߛ ≤ 1 − 2 ≤ 1 +  … … … (iv) 

(i) implies− ≤ ߛ ≤ 1 −  
∴ − ≤ ߛ ≤ 1 − 2by (iv) 

Therefore, 
the conditions are 0 ≤  ≤ 1 and − ≤ ߛ ≤ 1 − 2 
That is,0 ≤ ஽∆௧

∆௫మ
≤ 1 and − ஽∆௧

∆௫మ
≤ ௨∆௧

∆௫
≤ 1 − 2 ஽∆௧

∆௫మ
 are the st 

ability conditions of (19). 
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4. ALGORITHM FOR THE NUMERICAL SOLUTION 
To find the numerical solution of the model, we have to 
accumulate some variables which are offered in the fol-
lowing algorithm. 
Input:nx and ntare the number of spatial and temporal 
mesh points respectively. 

t୤,  the right end of (0, T) 
xୢ, the right end point of (0, b) 
C଴, the initial concentration density, apply as initial  
condition 
Cୟ, left hand boundary condition 
Cୠ, right hand boundary condition 
D, diffusion rate 
u, velocity 

Output:C(x, t), the solution matrix 
Initialization: ݀ݐ = ்ି଴

௡௧
, the temporal grid size 

ݔ݀   = ௕ି଴
௡௫

, the spatial grid size 

  ݃݉ = ௨∗ௗ௧
ௗ௫

 ,the courant number 

  ݈݀ = ஽∗ௗ௧
(ௗ௫)మ

 (peclet number) 

Step 1. Calculation for concentration profile of explicit 
centered difference scheme 
forn=1 to nt 

fori=2 to nx 
݊)ܥ + 1, ݅) = (+ ) ∗ ,݊)ܥ ݅ − 1) + (1− − 2 ∗ ) ∗ ,݊)ܥ ݅)

+  ∗ ,݊)ܥ ݅ + 1) 

end 
end 

Step 2: output C(x, t) 
Step 3: Figure Presentation 
Step 4: Stop 

5. COMPUTATIONAL RESULTS 

5.1. ERROR ESTIMATION AND CONVERGENCE 
We have discussed two types of explicit finite difference 
schemes in the previous sections.  
Now, we compute the relative error of the explicit differ 
ence scheme by using FTBSCS technique which is defined 
by the relative error in Lଵ − norm as 

= ݎݎ݁
∥ ௘ܥ − ௡ܥ ∥ଵ

∥ ௡ܥ ∥
 . … … … (20) 

where, ܥ௘is the exact solution and ܥ௡is the numerical solu-
tion computed by the finite difference scheme by FTBSCS 
techniques for time ݐ ∈ [0, 6]. 
 

The following figure 5.1 shows the convergence of rel-
ative error by the scheme FTBSCS techniques. 

Numerical computation of ADE is presented by using 
explicit finite difference methods by FTBSCS techniques 
and compared with an exact solution of the ADE. A good 
agreement between the numerical solutions and the ana-
lytical solutions are obtained and the error becomes clear 

when using large size step for time. The choice of smaller 
discretization parameters (δtand δx) produce less errors. 
However we can say that FTBSCS techniques show the 
stable and accurate solutions for the advection diffusion 
equation.  

 
Figure 5.1 Rate of Numerical feature of Convergence. 

5.2 NUMERICAL SIMULATION AND RESULTS DISCUSSIONS 
This section presents the numerical simulation results for 
pollutant transportation in river water with increasing 
water flow velocity and increasing diffusion coefficient. 
To test the accuracy of the numerical scheme by FTBSCS 
technique for the ADE, we implement the model for some 
artificial data for the transport of the pollutant in the river 
water. Our aim is to show that for the water pollution, 
any substance with bigger diffusion results a wider pollu-
tant front or a bigger diffusion distance. For different 
coefficients ranging from 9m2/s to 25 m2/s, as shown in 
figures 5.2 to 5.4. 
 
Problem description: Estimation of pollutant in a river of 
length=600 m=0.6 km at all time t = 1min to t = 6 min. 
 

If u =1 m/s = 3.6 km/h and D = 25 m2/s at time from 1 
min to 6 min, for the numerical scheme FTBSCS technique 
is shown in Figure 5.2. Which shows that the pollutant 
distribution within the described domain. 
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Figure 5.2:1D ADE with u = 1 m/s = 3.6 km/h and D = 9 m2/s. 
 

The curve marked by “solid line” shows the concentra-
tion profile for 1 minute (left), the curve visible by “dash 
line” represents the concentration profile for 2 mi-
nutes(left). The curve “dot line” shows the concentration 
profile for 3 minutes, the curve visible by “dash-dot line” 
represents the concentration profile for 4 minutes, The 
“solid line” curve shows the concentration profile for 5 
minutes (right) and the curve visible by “dash line” 
represents the concentration profile for 6 minutes(right). 
We have seen that the pollutant concentration is increas-
ing with respect to time increasing. 

Now, we observe the following different figures for 
different diffusion coefficients and for different velocities. 
If u = 1 m/s = 3.6 km/h and varying the diffusion rate a 
time t = 6 min, the solution appeared is given below: 
 

 
Figure 5.3:1D ADE with u=1 m/s=3.6 km/h and varying the diffusion 
rate at time 6 min. 
 

If D = 9 m2/s and varying the velocity at time 6 min, the 
solution appeared is given below: 
 

 
Figure 5.3:1D ADE with diffusion D = 9 m2/s = 3.6 km/h and varying 
the velocity at time 6 min. 
 
If varying both velocity and diffusion coefficient at time 6 
min, the solution appeared is given below: 
 

 
Figure 5.4:1D ADE with varying both the velocity and diffusion at 
time 6 min. 

 
As we know the stability conditions of the scheme by 

FTBSCS technique are 0 ≤ ஽∆௧
∆௫మ

≤ 1and − ஽∆௧
∆௫మ

≤ ௨∆௧
∆௫

≤ 1 −

2 ஽∆௧
∆௫మ

, this course of action will be continued until this sta-
bility conditions are satisfied. From this conditions, we 
have the diffusivity coefficient ranges from D = 9 m2/s to 
25 m2/s and the velocity ranges from 1 m/s to 1.4 m/s.  

6. CONCLUSION 
In this paper, analytical solutions and numerical solutions 
for 1D advection diffusion equation, with an initial condi-
tion and two boundary conditions, have been presented. 
The ADE has been considered as model equation for es-
timation of water pollution by using explicit finite differ-
ence scheme (FTBSCS techniques). We have computed 
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relative errors for the scheme which shows a good rate of 
convergence of the numerical scheme. So, the scheme 
(FTBSCS techniques) for ADE is stable and consistent. 

Also, we have presented the numerical solutions 
graphically by varying the value of velocity and value of 
diffusion coefficient. The graphical presentations are veri-
fying the qualitative behavior of the solutions of ADE for 
various considerations of the parameters. The results 
show that the water pollutions are spreading with vary-
ing the diffusion term and advection term with respect to 
time and space.  

This method can be extended for higher dimensional 
ADE as a water pollution model which demands the fur-
ther study. 
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